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Abstract: We establish the spectral gap property for dense subgroups of SU(d) 
(d > 2), generated by finitely many elements with algebraic entries; this result was 
announced in [BG3]. The method of proof differs, in several crucial aspects, from that 
used in [BG] in the case of SU(2). 

§0. Introduction and Outline 

For fc > 2 let <7i, . . . , <7fc be a finite set of elements in G = SU(d) (d > 2). We 
associate with them an averaging (or Hecke) operator z gi 3fe , taking L 2 (SU(d)) into 
L 2 (SU(d)): 

k 

z gi ,..., g J(x) = J2(f(gjx) + f(gj l (x)). 
j=i 

We denote by supp (z) the set {gi, . . . , g^, g\ , • • ■ , fi^ 1 } and by T z the group generated 
by supp (z). It is clear that z gi) ,,, )9k is self-adjoint and that the constant function is an 
eigenfunction of z with eigenvalue Xq(z) = 2k. Let Xi(zg lt ... } g k ) denote the supremum 
of the eigenvalues of z on the orthogonal complement of the constant functions in 
L 2 (SU(d)). We say that z has a spectral gap if 

Ai(z 3l: ... iflfe ) < 2k. 

It is common to, alternatively, refer to the situation described above, by asserting 
that the spectral gap property holds for T z . 

In this paper we generalize the result on the spectral gap for finitely generated sub- 
groups of SU{2), established in [BG], to dense subgroups of SU(d) (d> 2), generated 
by finitely many elements with algebraic entries. 

The first author was supported, in part, by NSF grants DMS-0808042 and DMS-0835373. The 
second author was supported, in part, by DARPA, via AFOSR grant FA9550-08-1-0315, by NSF 
grant DMS-0645807, and by the Sloan Foundation 
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Theorem 1. Assume that {gi, . . . ,gk} € SU (d)nMatd X d(Q) , and that the group gen- 
erated by <7i,. . . , <7/e is Zariski dense 1 in SL^(C). Then the associated Hecke operator 
z gi ,..., gk has a spectral gap. 

Various applications of such a spectral gap result (to, among other things, the 
Banach-Ruziewicz problem, the theory of quasi-crystals, and the question, arising in 
the theory of quantum computation, of whether a "computationally universal" set is 
necessarily "efficiently universal") are discussed in [BG]. 

It should be pointed out, however, that the method of proof in the present paper 
differs, in several crucial aspects, from the one given in [BG] in the case of SU{2). 

In [BG], the proof of the spectral gap proceeded by, first, establishing a "product 
theorem" for general subsets of SU(2). Both the statement and the proof of the latter 
result is not unrelated to the product theorem in SL 2 (p), established by Helfgott [H] 
(and generalized to the groups of higher rank by Breuillard, Green and Tao [BGT] and 
by Pyber and Szabo [PS] 2 ); a key ingredient in the proof of the pertinent product the- 
orem in the aforementioned papers is the exact size of intersections of multiplicatively 
stable subsets of the group with maximal tori. 

In contrast, the approach we follow in the present paper is akin to the one in [BG1, 
2], and is based, crucially, on multi-scale arguments (available for groups defined over 
C or Z/p n Z), and Lie algebra point of view 3 . The salient features of this approach 
can be encapsulated as follows: (a) first, using "tools from arithmetic combinatorics" , 
we construct in the "approximate group" (see [Tao], [BG], [BG1, 2] for background) 
"approximately one-dimensional structure" in a suitable neighborhood of the identity; 
(b) subsequently, this structure serves as the main building block to recover the full 
Lie algebra; (c) certain "escape" (from hyperplanes) issues, coming into play in (b), 
are addressed, using, in an essential way, the theory of random matrix products. 

In connection with (c), it should be pointed out, that, whereas in [BG2] the "classi- 
cal" theory of random matrix products (see, for example, [BL]) for Zariski-dense sub- 
groups of SL d (as developed by, among others, Furstenberg [F], Goldsheid-Margulis 
[GM], and Guivarch [G]) was directly applicable, in the present SU(d) setting nontriv- 
ial difficulties arise, due to the absence of proximal (in the obvious sense) elements, 



1 Note that the Zariski density assumption is equivalent to the topological density of the group 
generated by {51 , . . . , g k } in SU(d) . 

2 Mention should be made, too, of the groundbreaking work of Hrushovski [Hr], and of the work 
of Breuillard and Green [BrGr] on the classification of approximate subgroups of the unitary group, 
yielding elegant and far-reaching generalization of Jordan's theorem [J]. 

3 It might be worth remarking, that, in the stressed crucial reliance on multi-scale and Lie algebra 
structures, this approach is reminiscent of the Solovay-Kitaev algorithm in quantum computation 
[DN]. 
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necessitating the use of non-Archimedian local fields and exterior powers of the Lie 
algebra (cf. [A]). 

It is our expectation, that the method of proof of the spectral gap result developed in 
the present paper in the context of SU(d), should also be applicable to other continuous 
semi-simple Lie groups; we intend to pursue this in a forthcoming paper. 

The main ingredient from arithmetic combinatorics, alluded to in (a) above, is an 
extension of the "discretized ring theorem" (see [Bl, 2] ) from R to C (see Proposition 
2 at the end of the Introduction), and, crucially, to Cartesian products C d . This 
extension is obtained in §1— §8: parts of the argument are closely related to [B2]; 
several steps are presented in a somewhat greater generality than what is, strictly 
speaking, necessary for the purposes of this paper. 

Returning to the proof of the spectral gap result in SU(d), let us conclude this 
introduction by giving a rough summary of the various steps in the argument. 

As mentioned above, the overall approach is akin to the one used in [BG1, 2]. Let 

k 
i=l 

be the probability measure supported on the generators gi,. . . ,gk- Denoting by P$ an 
approximate identity on G = SU(d), and taking 5 — > 0, our first objective is to prove 
that, for r > (some fixed small constant), we can ensure that 

\W {t) * P S \\oo < S~ T (0.2) 

for £ < C(t) log j . Here v^> refers to the £-fold convolution power of v. This is 
achieved by iterating an "L 2 -flattening lemma" (see lemma 10.7 in §10) which is the 
main technical step in this part of the argument. First, an application (originating in 
[BGO], and, by now, standard) of non-commutative Balog-Szemeredi-Gowers lemma 
(proved in [Tao]), reduces the matter to the study of "approximate groups" H C G. 
Note that these objects are defined combinatorially, and, a priori, have no algebraic 
structure. Our goal is to show, roughly speaking, that if H is a 5-approximate group 
such that v^\H) is "large" (where £ ~ log |), then H has to be "almost all" of G, up 
to ^-approximation. This will, then, provide the desired contradiction. 

The first step in our program is to produce in if a large set of elements that are 
"approximately diagonal" (in a suitable basis). The key idea, underlying the proof 
in this step, originates in the work of Helfgott [H]. Let us point out, however, that, 
in contrast to [H], and to the subsequent work on the product theorems in SLd(p) 
and other finite simple groups ([BGT], [PS]), the precise size of our diagonal set is 
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not important. The construction of this almost diagonal set appears in §9. The fact 
that the generators g±, . . . ,gk have algebraic entries plays a role here, but not the 
assumption on the Zariski density of (gi, . . . , g^). 

The relevant statement is Proposition 9 in §9. It should be stressed, that, compared 
with [BG1, 2] (and, also, with [BGT], [PS]), a significant difference is that we do not 
rely on regular elements to produce the almost diagonal set, and Proposition 9 provides 
such construction in a greater generality. 

The "almost diagonal" set of matrices is processed further using the discretized 
ring theorem in C d , resulting in our main building block: a structured, "essentially 
one-dimensional" set in the Lie algebra. A further amplification requires addressing 
certain "escape" issues that depend on the assumption of Zariski density. Thus, in §11, 
we establish the crucial "L 2 -flattening lemma" for convolution powers, conditional on 
the "escape from hyperplane" assumption (*), which is addressed in §12 for d = 3 and 
§14 in the general case. 

Similarly to the approach originating in [BG1, 2], proving the escape property relies 
on the theory of random matrix products. Recall that the two main assumptions in 
this theory are proximality and strong irreducibility. In contrast to the case of Zariski 
dense subgroups of SL^M), elements in SU(d) are obviously not expanding in the 
usual sense, and the application of the theory of random matrix products requires 
considering non-Archimedean places (here, again, we use the fact that the elements 
<7i, . . . ,(7fc are algebraic) and, also, representation on wedge-products of the adjoint 
representation (see §12, 13, 14). A treatment of random matrix product theory in the 
context of general local fields may be found in the recent paper of Aoun [A]. 

Once (0.2) is established, the final step in the proof of the spectral gap, requires 
application of basic results pertaining to the representation theory of SU(d). One way 
to proceed (as was done in [BG]), is to use the idea, originating in the work of Sarnak 
and Xue [SX] , of exploiting "high multiplicity" of nontrivial egenvalues (which follows 
from "high dimensionality" of nontrivial irreducible representations); in the continuous 
setting of a compact group this idea was implemented in [GJS] by summing over the 
suitably chosen range of representations, and then applying Poisson summation. In 
§10, we follow a different route, which, in a sense, is more "geometric" (cf. [BY]). 
First, a new argument for d = 2 is given. Next, using 5't/"(2)-subgroups in SU(d), the 
general case is treated (this type of argument was used earlier in the work of Burger 
and Sarnak [BS]). One of the ingredients is a convolution principle, stated in Lemma 
10.35, which appears to be a rather basic result, of independent interest, pertaining to 
the harmonic analysis on the unitary group. 

The paper is subdivided into two parts. In the second part (§9-§14), Theorem 1 
is proved, following the steps summarized above. The first part (§1 §8) is "purely 
combinatorial", culminating in Propositions 2, 6 and 7 that are needed for the SU(d) 
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analysis. The first part is closely related to the proof of the discretized ring theorem in 
R, presented in [B2]; the generalization to the higher dimensional setting necessitates 
reproducing several technical portions from that paper. 

The counterpart in C of the main theorem from [B2] can be stated as follows. 

Proposition 2. Given < a < 2 and k, k' > 0, p > 0, there are e 0l e' 0l ei > such 
that the following holds. 

Let Ac C H B(0, 1) satisfy 

(8.1) N(A,S) = 5~ a (6 small enough). 

(8.2) N(A n B(z, t),S)< t K N(A, 5) if 5 < t < S e ° and zeC. 

Let p be a probability measure on C fl 5(0, 1) such that 

(8.3) p(B(z,t)) <t K ' ifS<t< S £ 'o andz e C. 

Let z\ , Z2 G C satisfy 

(8.4) 8 e 'o < \zx\ ~ \z2\ < 1 anrf 

T/ien one o/ t/ie following holds 

(8.5) A^(A + A, 5) > 5- a - £l . 

(8.6) N(A + bA, 6) > S~ a ~ £l for some b e supp p. 

(8.7) iV(A + *iA *) + ^(^ + z 2 A, 5) > 5- CT - ei . 

Acknowledgement. The authors are grateful to Peter Sarnak for discussions related 
to §10. 

Part 1: Generalizing the Discretized Ring Theorem 

The aim in what follows is to establish higher dimensional analogues of the dis- 
cretized sum/product theory from [B2], in particular, for subsets of C and C d 

§1. Basic Notation and Assumptions 

Let 6 = 2~ m (m large) and A C [0, l] d be a collection of 5-separated points in R d 
(alternatively we could take A a union of 5-intervals). Assume 

\A\ = 8-° (1.1) 

for some fixed < a < d (| | denotes 'cardinality' in (1.1) but may also be used for 
Lebesque measure if appropriate). 

By size p interval, we mean a <i-dimensional box riiLit* 2 ^ a * + p\- 

For B C M. d and r > 0, we denote N(B,r) the corresponding metrical entropy 
number. 
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We assume A satisfies the following non-concentration property 

\Af]I\ < p K \A\ if 5 < p < S So and I a size p interval (1.2) 

for some k > and £o = So(c) > small enough. 

Let n be a distribution on C(R d , R d ) (the space of linear maps on M. d satisfying 
certain assumptions to be specified (see Theorem 1 in §7). Our aim is to show that 
for some Si > (depending on the parameters), we have 

N(A + A, 5) > 5~ a - ei or N(A + bA, 6) > (T* 7-51 for some b G supp p. (1.3) 

Let T be a large constant (depending on the parameters and to be specified) 

m = Tm l . (1.4) 

We also consider a dyadic partition in intervals 

d 

!n,k = Y[[ki2- n , fa + l)2~ n [ where < h < 2 n and n > 0. 

i=i 

We call I n k a 2 "-interval. 

§2. Initial Regularization of the Set 

We extract from A a large subset with a 'tree-structure'. This construction is 
independent from assumptions (1.2), (1.3). 

We introduce a subset A\ C A, a subset S C {1, . . . , mi} and for s E S a dyadic 
integer 2 < .R s < 2 d(ns_sT) , where sT < n s < (s + 1)T — 4, with the following 
properties. 

(2.1) If s £ S and I is a 2~ sT -interval, then there is at most one 2~( s+1 ) T -interval 
J C I such that J fl Ai ^ 0. Take _R S = 1 and n s = sT in this case. 

(2.2) If s e <S and 7 is a 2 _sT -interval with I n Ai ^ 0, then the number of 2~ Ua - 
intervals J C I such that J C\ A± ^ (p is R s and each such J-interval contains 
a single 2 - ( s+1 ) T -interval J' intersecting A\. Hence also 

R s ~ AT(An/,2-( s+1 ) T ). (2.3) 

Moreover, there is a pair of 2 ~ ns -intervals Ji, J2 C I s.t. Ji fl Ai 7^ 0, J 2 fl Ai 7^ 
and 

2.2" ns < dist(Ji, J 2 ) < 10.2 _n ». (2.4) 

(2.5) |Ax| = n. e5 «- > (cT- 2 )^\A\ > 8-°+^. 
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The construction is straightforward. 

We start at the bottom of the tree, considering for each 2~( mi_1 ) T -interval 7 s.t. 
7 fl A 7^ <p the number of 2 _miT -intervals J C 7 with J f] A ^ (p. If their number is 
less than 10 3d , fix one such 2 _miT -interval J = Jj. 

If their number is larger than 10 3d , introduce the largest integer (depending on 7) 

(mi — 1)T < n < m\T — 4 

for which there is a pair of 2~ n -intervals Ji, J2 C i", J\ fl A ^ 0, J2 H A ^ and 

2.2" n < dist(Ji, J 2 ) < 10 2 _n . 

It is easily seen that from our definition of n 

N(A n 7, 2" n ) ~ N(A n 7, 2" miT ). 

Define the dyadic integer such that the number of 2 ""-intervals J C 7, J D A ^ (p is 
between R and 2R. Thus 

N(A n 7, 2" miT ) ~ i? < 2 d ("-( m i- 1 ) T ). 

Obviously the integers n and R (depending on 7) take at most T-values. We may 
therefore clearly introduce a subset ^4( m i _1 ) c A, 

\A^-^\ > CT~ 2 \A\ (2.6) 

satisfying one of the following alternatives: 

(2.7) If 7 is an 2~( mi_1 ) T -interval, there is at most one 2 _miT -interval J C 7 with 
J fl A\ 7^ (p. In this case, mi — 1 ^ <S. 

(2.8) If 7 is a 2" sT -interval with 7 n Ai 7^ 0, then (2.2) holds for some n = n mi _i 
and R = R mi -i. In this case, mi — 1 G S. 

Next, repeat the construction for the set A^ 1-1 ' considering 2~( mi_2 ) T -intervals 
7, in^™ 1 " 1 ' ^ (p and 2-( mi - 1 ) T -subintervals J C 7. We obtain A( mi " 2 ) as the 
intersection of A^ mi ~ 1 ^ and a collection of 2 -( - mi-1 ) T -intervals; 

\ A {rni-2) J > cT -2| A (mi-l)| ( 2 .9) 

and A^ 7711-2 ) satisfies either (2.1) or (2.2) with s = mi — 2, for some 
(mi - 2)T < n mi _ 2 < (mi - 1)T - 4 and # mi _ 2 < 2 d ^-^ m ^ T \ 

From construction 

A ( mi -2) n j = A (m 1 -l) n j 
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if J is a 2 ^-interval intersecting A^ mi 2 \ Hence properties (2.1), (2.2) at level 
mi — 1 remain preserved. 

The continuation of the process is clear. We obtain 

A D A (mi_1) D A( mi " 2 ) D • • • D D A (s_1) D • • • D 

where 

| A ( S -1)| > CT -2| A ( S )| ( 2 _ 1Q ) 

and 

A^- 1 ) n J = n J 

if J is a 2 _sT -interval intersecting A^ s_1 ^. 

Hence A( s_1 ) keeps the properties of A^ at scales 2 _n for n > sT. 

Let Ai = Iteration of (2.10) gives (2.5). 

Denote 

S = {s 1 < s 2 < ■ ■ ■ < s t }. 

For each c G {0, 1}*, we will introduce an element x c G A\ C A. 

Since si G 5, it follows from (2.2) that there is a pair of 2 _ns i -intervals Jo, Ji 
intersecting A\ s.t. 

2.2" ns i < dist (J , h) < 10.2- ns i . (2.11) 

Denote J C Jo, I[ C Ji the 2 _S2T -intervals intersecting A\. Again by (2.2), there are 
pairs Jo,o, Jo,i C J and Ji,o, Ji,i C I[ of 2 _ns a -intervals satisfying 

2.2~ n " < dist (J 0)0 , J ,i) < 10.2"^ (2.12) 
2.2~ n °2 < dist (Ji, , Ji,i) < 10.2"^ . (2.12') 

Continuing the construction, we obtain eventually 2 _StT -intervals J c = J Cl ,..., Ct f° r 
(ci, . . . ,c t ) G {0, 1}* s.t. I c n Ai (j) and with the property 

If ci = c' l5 • • • , c T = c' T , c T+1 ^ c' T+1 , then 

2.2" ns -+i < dist (J c , J c /) < 10.2" n ^+i . (2.13) 

Take 

x c G J c D A 1 for c G {0, 1}*. (2.14) 
Fix some /3 > (to be specified) and define 

5i = {1 < s < mi|(s + l)T-n s > /3T} (2.15) 
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(the porous levels). Obviously S\ D {1, . . . , mi}\S. 

Let si < S2 < • • • < st 1 be an enumeration of the elements of <Si. 
Let £2 > (to be specified) and assume first that 



(2.16) 



which we refer to as the 'porous case'. The amplification in this situation can be 
performed exactly as in the d = 1 case. The argument is repeated in the next sections. 

If t\ < £2^1, then |<S| > (1 — e<i)m\ at most levels s T G 5, (2.13) implies 



if ci = c[, . . . , c T _i = c' T _ 1 and c T 7^ c' T . 

This is the non-porous case and requires a different argument. 

§3. The Porous Case (Bunching Together of Levels) 

Let S = {Si < ■ ■ ■ < S tl } and assume (2.16). 

We construct from A\ a new system of sets B^,... ,k 3 (j < ti) with a 'porosity 
property' at each level. 

Denote -B/^,1 < k\ < K\ = Yl s < Sl the collection of non-empty intersections 
Ai fl i", where / is a 2~ ns i -interval. By (2.1), (2.2), for each B^ there is at most one 
2-( s i+ 1 ) T _mterval J sucn that <P ^ Ai f] J = B^. Hence (reducing |Ai| by a factor 
Co) we may assume 



Fixing fei, let Bk 1 k 2 , 1 < &2 < ELi <s<s 2 = -^ 2 ' ^ e ^ ne collection of non-empty 
intersections Bk 1 H / where / is a 2~ Ua 2 -interval. Again, each Bk lt k 2 is contained in a 
single 2 - ( S2+1 ) T -interval and 



2 2 -t < 2 ^T dist (7 o / c/ ) < lo^-^ 1 "^^ 



(2.17) 



(3.1) diamS fcl < 2~^+^ T 



and 



(3.2) dist(S fcl ,S fci ) > 2-^-^ T if fei ^ fei. 




(3.5) dist(S fclfca ,S fci>fc ,) > 2-<«»+ 1 -« T for fa, A*) ^ (^,fc 2 ). 
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Continuing, we obtain a system B kljk2j ___ ,kj Ki,j < t\) with the following 

properties 

(3.6) | (J B kl \>C- t *\A 1 \>C- m *\A 1 \ 

l<fei<A"i 

(3.7) B kl ___ k . = \J B kl ___ k . k 

l<k<K j + 1 

(3.8) diamSfc,...*. < 2" T ' 3 A J 

(3.9) dist(S Jfcli ... ifc .,S fcii ... ifc /)>A J -if k ^ W 
where we denoted 

Xj = 2~^ +1 -^ T . (3.10) 

Next we introduce a new system Cg 1 ...£ s (1 < £ s < L s and 1 < s < t 2 ). 
Define 

M = [2 T ] (3.11) 

and let 

10 3 < D E Z + (3.12) 

to be specified. 

We consider the system B kx .„ kj constructed above. 
Starting from t±, let r\ G Z + be minimum s.t. 

K tl ...K tl _ ri >M ri+1 . (3.13) 

We distinguish two cases. 

If ri < 10 3 , identify levels ti — ri, . . . , ti to a single one, with branching 

L t2 =K tl ...K tl - ri >M^ +1 . (3.14) 

The sets Ce 1 ...e t2 are sets B kl ... kti , hence satisfying 

(3.15) diam C £l j t2 < a t2 fi t2 

(3.16) dist^...,^,^,...,^) >^ 2 ifZ^F 
where fj, t2 = ^ti an d 

a," 1 = 2^ T > M^ 1+1 ) (3.17) 

assuming, if (3.11) 

T>10 10 (^) 3 . (3.18) 
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If T\ > 10 3 , identify levels t\ — r±, . . . , t\ — + 1 to a single one, with branching 



L t2 = K tl . ri ■ ■ -K ti _ n. +1 > M " +1 > M^+Mifo+D > (3.19) 

'1 inn 1 



(from definition of r\). In order to ensure proper separation, reduce the sets Bk t ,...k ri 
to their subset B k k x , , i = C^...* . 

*l^TTMT' 
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By (3.8), (3.9), the mutual distance between those sets is at least \ tl _si_ = fit 2 i 
while their diameter is at most At 1 = cr t2 Ht 2 with 



a' 1 = 2^ riT > M D ^+^ (3.20) 

(by (3.18)). 

r l i i 

We have reduced the size of A\ by at most a factor K. r X ■ ■ ■ K t , < Mtoo +1 < 
M n/90_ 

Next, repeat (if possible) the procedure, starting from level t\ — r\ to obtain a level 
t\ - r\ - r 2 , etc. 

If at some level t' = t\ — r\ — r 2 — • • • we can not continue the process, it means 
that 

K x ---K v <M t,+1 <2 T2/3tl <2™ lT2/3 < (1) T . (3.21) 

Hence 

1^4 nl| > \B kl ... ktl \ { > ] 5 T ~ 1/3 C-^\Ai\ ( >^ 2T " 1/ Vl (3-22) 
where / is some 2 _s *' T -interval. 



Recall the non-concentration assumption (1.2). It follows from (3.22) that either 
2~ s t' T > 5 eo = 2- £,,miT or 5 2T ' 1/3 < 2~^' Tk . Hence 



t' < s v < max(e mi, K _1 r" 1/3 mi) < |mi (3.23) 



assuming 



£ < y and T" 1 / 3 < -«e 2 . (3.24) 



Since by (2.16), t\ > e 2 , this will ensure that t' < \t\ and hence 

n+r 2 + ... = h-t' > ^h> -£ 2 mi. (3.25) 
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Consequently we replaced B kl .^ k .(l < j < £1) by a subtree Ce 1 ..j s (l < s < t 2 ) with 
the following properties 

(3.26) C lx .. la _ x = U C tl ... e , e c A 

£<L S 

(3.27) dist(C, 1 ..., s ,C, ; ,...^) > f, s if (£,,... ,4) ^ (^i,... ,0 

(3.28) diamC^...^ < a s/ u s , where 2 _/3T > a s > 5 1/2 

(3.29) n(£ s Aa s "^) > M^( ri+r2+ '") = ikH mi 



s 

where 
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(3.31) |C = U C £l \> M-™<ri+ r *+-")c- mi \A 1 \> M--& mi \A\. 
The sets Cj are subsets of the discrete set A. 

In what follows, it will be convenient to replace our discrete sets by unions of size-5 
intervals, defining 

A' = {x G K| dist(x, A) < - } (3.32) 
and similarly, for J = (£ l5 . . . , £ s ) 

C£ = |x G M|dist(x,C z ) < -}. (3.33) 



Hence 



\A'\ = 5\A\ = 8 1 - a (3.34) 
|C;| = S\Cj\ (3.35) 



(using | | to denote both measure and cardinality). 

§4. Porous Case (Amplification) 



Assume fi a probability measure on £(R , Mr) and k' > satisfying the following 
conditions 

(4.1) < 1 if b G supp^. 

(4.2) Given a unit vector v G lR d and a vector w G lR d , we have 

|6d — iu| < p] < cp K 
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for all 8 < p < 1. 

We denote by E = E & the //-expectation. Our aim is to estimate from below 

|CJ + CJ|+E[|CJ + 6CJ|]. 

Let us first show that we may replace the 6-distribution as to ensure moreover the 
property 

(4.3) b is invertible and < 3 for b G supp \i. 

This is seen as follows. Consider the map 

b^ -(2.1 + 6) =b' 
3 

and the image distribution /j' of \i. Clearly (4.2) still holds and (4.3) is now satisfied. 
Also 

\C, + h ' C '*\ < n + C'+ + C'+ + C'+ + C'+ + 6CJ| < (J^±pl ) 6 |CJ + 6CJ| 
and hence 

E'HCJ + b'C'.W < + (*) 

Thus it will suffice to establish a lower bound on E[|C^ + bC'^\] under assumptions 
(2-l)-(2.3). 

Recalling (3.29), denote 

M s = L s Aa7 (1 < s < t 2 ) (4.4) 

satisfying 

JjM s > M 7mi . (4.5) 
We choose the parameter D to satisfy 

D>^. (4.6) 

Starting from s = 1, we have = U^ 1 <i, 1 ^ 1 ) where the are contained in 
intervals of size <7i//i and separation > 
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Thus 

C't + bC+= |J (C' h +bC> e ,). 

Partition [0, l] d in intervals I a of size rj > fi\ where rj is chosen such that 

Mi = max|{^i < L X \C. f) I a ^ <f>}\ 

a 1 

= \{£ 1 <L 1 ;C' £i nl ^cf>}\. (4.7) 

£: a = {^i<L i; c; i n/ Q ^0} 

^« = U C 'ii C ^a + S(0,(Ti//i). 



Denote for each a 



and 



Then 



Cj + &CjclJ(A. + &A>) 

a 

and from the preceding 

|C; + 6C;i>c^|D Q + 6L> |. (4.8) 

a 

Fixing a, we have 

D« + &£>„ = |J (C^+fcCy (4.9) 



and certainly 



|D Q + 6Do|>cmax ^ |C; 1+ 6C;,|>— £ l^+^J. (4.10) 

On the other hand, fixing points ^ G ft, we have 

>m for 

and 

C[ + bC' t , C & + &fr + 5(0, 2a 1/Ul ). (4.11) 
14 



Therefore the sets in (4.9) will be mutually disjoint if 

min |(£fc + - + > Mah. (4.12) 

k',£'e£ 

Here condition (4.2) comes into play. 

Note that if k' = £', \£k — & \ > A*i ^ ci^ij so that we may assume k' ^ £'. 

Fix k,£ e £ r , k' ^ £' e £ and denote v = jf^f^- It follows from (4.3) that the 
/i-measure of the 6's for which 



Of + 



< 4(7l 



is at most Ccrf. Hence (4.12) holds for b outside a set of /x- measure at most 

C.\£ \ 2 .\£ r \ 2 vi < CM\al < a1 /2 (4.13) 
by (4.4), (4.5). For such 6, we get 

\D a +bD \= \ C k+ bC rJ- ( 414 ) 

£i£S a 

From (4.10), (4.14), it follows that 

\D a + bD \> J2 W lA (b)\C> £i +bC' e ,\ (4.15) 

where (pe 1 ,e , 1 takes values in {1, ^-} and by (4.13) 

IJL[<p tlA ?1] <a 1 K/2 . (4.16) 
Summing over a. (4.8), (4.15) imply 

\C' <t> + bC^>c Yl <Pi lA (b)\C' ei +bC' e ,\ (4.17) 
with <fi£ lA as above. 
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Next, restrict {£ u £[) to the set {1 < l x < L x } x ({1 < £[ < Li}\£ ) and repeat the 
construction. Note that if (£!,£[) is restricted to a product set T x J 7 ', we partition 
in interval I a of size rj > (ii chosen such that 

Mi = max \{t x E J 7 ; Ci n I a ^ 0}| V max |{^ G J 7 '; n 7 a ^ 0}| 

a 1 a 1 

and obtained as either a set £ = {^i £ Hio 7^ or £o = G -T 7 '; H/o 7^ </>}• 

Because of assumption (4.3), both cases may be treated similarly. 

Exhausting the set {1 < £\ < L{\ x {1 < £[ < L{\ in ~ j± steps, we get 

\C' 4> + bC^\>c^ Yl <Pi lA (b)\C' ei +bC' £ ,\ (4.18) 

with <pt x ,t> satisfying (4.13). Equivalently 

|CJ + 6CJ| > ^ lA (b)\C' ei +bC' e ,\ (4.19) 

«i<I/i,^i<Li 

with V^i,£i taking values in {c^-, c-^-} and 



Therefore 



\p £lA ± c^l < af /2 . (4.20) 



E[log^, n ] > (l-^'/»)(log C ^) +^ 72 (log^) > log^. (4.21) 



We assume here cr* ^ 2 < \ , which will be fulfilled if 



T>| 7 (4.22) 



(since a s < 2~ /3T ). 
Repeat with the sets 



C[ x + bC' e , 



= U ( c U + bC k,eO 
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to obtain 

\ c 'h + hC 'i> 1 \ > fai,t2AA( b )\ c ti,i* + bC t' 1 A\ 

where again 

E x [\ogip ei , e2 . AA ] > log (^^2 V2 )- 
Iteration clearly provides the following minoration 



£!,..., £t 
I' 



fl fl 



t-2 



t2 Ml' 2 



where by (4.21), (4.24), etc. 

>n 

Therefore 

E 



[i^+^;i]>(ri M s l/2 ) e i^i,... ,i 



t t2 

s =i ei,...,e t2 
> M^ mi |C;|. 

Recall (*), it follows that if n satisfies (4.1) and (4.2) 

icj + c;i + e[|c; + 6c;o > |c;|. 

Therefore, by (3.31), (3.30) 

iV(A + A,5)+ E[N(A + bA, 5)] > M^ mi |C | 

> M^ mi \A\ 

>6-™ e * T ~ 1/3 \A\. 



§5. The Non-Porous Case (1) 
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Assume |«Si| < £2^1 and denote 

5' = {l,...,m}\5iC5 (5.1) 

satisfying 

t' = \S'\ > (1 -e 2 )mi (5.2) 

and (2.17) if r G 3' = {1 < r < t; s T G 5'} (* = |«S|). 

For notational simplicity, we identify S' with {1,... , mi}. Recalling the system 
{x c } ce { ,i}* °f P i n t s from A introduced in (2.14) and (2.17), our starting point is a 
system {^ c }c6{o,i} m i c A such that if c\ = c[, . . . , c s = c' s , c' s+1 7^ c' s+1 , then 

2.2"( S+1 ) T < \x c -x c ,\ < 10.2-( S+1 -« T . (5.3) 

Denote J = [^2^-^ T ] and k = k(T) G Z+. 

We construct in the fc-fold sumset /cA of A, for s = 1, . . . , m, points 

(Vh 3s) V /: - ./ ( 5 - 4 ) 

1</ S <J 

with the following properties 

(5.5) \uj-L... ,j a j s+1 — Vj 1 ...j s \ < 10^2 sT 

(5.6) 2-( s + 1 ) r < /,„...,,. < 

(5.7) For fixed ji, . . . ,j s , we have (setting = for s = 0) 

KVji-js+i - Vh ■ ■ -3s) ~ js+iiVh-jsi - .'// ..,/ ) < 1 ' - sT - 

Thus (5.7) means that the points (yj 1 . . •j s j s+1 )i<j s+1 <j he approximatively on some 
1-dim line segment emanating from yj 1 . . . Js and length between 2~ sT ~^ T and 2~ sT 




The construction is done as follows 
The points Vj 1 ...j s will be of the form 

Vh -3s = x cW H H ^ c ( fe ) (5-8) 



for certain . . . , G {0, l} mi such that c s / = ■ ■ ■ = c s , = for s' > s. 
Denote d^\ ... , G {0, l} mi by 



d$> = c$ if s' < s 

d {e) - 1 

"s+l — - 1 

d$ = if s' > s + 1. 
From (5.3), for each £ = 1, . . . , /c 

2- (s+1)T <|x cW -^ ) |< I ^ 7 2-^. (5.9) 

Taking k = k(T) sufficiently large (logfc(T) ~ T), we may clearly specify a subset 
C = {£ 1 < ■ ■ ■ < £j} c {1, . . . , k} such that for all i G C 

\x cW - x dW - r } 2-^ T v\ < 2- sT -* T (5.10) 

for some unit vector v G M d and some 1 < rj < 2^ T . 
Define 

Hi i Yl XcW+ Yl Xdw - ( 5 - n ) 

Hence (5.5), (5.6) follow from (5.8), (5.11) and (5.9). 
By (5.10) 

Vh-isi ~ Vh-U = ( x d(ti) - x c(£i)) H + (^(V - x c ^j)) 

= j V 2-^ T v + 0(j2- sT - 3T ) 



implying (5.7). 



§6. Non-Porous case (2) 



We make the following further assumption on the distribution \x of b G C 
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(6.1) There is a function 9(p) — > for p — > such that if v, w are unit vectors in 
then 

p[b\{bv,w)\<p]<6(p). 



Strictly speaking, all we require is that for some p > 

max p[b\ \(bv,w)\<p]<e (6.2) 

\v\ = l = \w\ 

with 9 sufficiently small. 
Fix a constant 

e 3 > (6.3) 

(to be specified). 

Property (6.2) will be used in the following 

Lemma 6.4. Let i>i,... ,Vd G K d be unit vectors and p~ 1 2~ T < 771 , . . . , 77^ < j. 
Define 

^* = fe^; 1 < j < J} for i = l,... ,d. 



Then 



E[ min \x - «| < 2" T ] < e 3 (6.5) 



where E refers to the d-fold product measure p® ■ ■ ■ ® p = p^ . 



Proof. 

Write 



d 



hP + ■ ■ ■ + b d P = j Y^Mihvi; l<ji< j] 

i=i 

We need to ensure that for \ji\ + h \jd\ = 

\j1V1hv1 H \-jdVdbdVd\ > 2" T . (6.6) 

It suffices to impose the conditions 

' \biVi\ > p 
dist (b 2 v 2 , [hvi]) > p 



K dist (b d v d , [bivi, . . . , bd-iVd-i}) > p. 
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By (6.2), clearly 

^[(h,... ,b d )\(6.7) fails] <d9<e s 

for appropriate 9. This proves the Lemma. □ 

Let {yj 1 ...j s } be the systems obtained in §5 satisfying (5.5)-(5.7). We denote Y = 
{.'!/, ) and Y h-3s = {.'/./:..,/ ./ .:..,/,,, )• % ( 5 - 5 ) 

UcB(y jW ,^"* T )- (6-8) 
Denoting E the expectation wrt n> d \ we establish a lower bound on 

E[w(& 1 y + ... + & d y,<?)] 

following an argument similar to that used in §4. 

From (5.7), (6.5), the expectation for the points b±y .(i> + • — h 6 d y .(d> to be at least 

Ji Ji 

2~ T apart is > 1 — £3 (we use here that \yj — jyi\ < 4 _T ). Hence, by (6.8) 



N(b 1 Y + ..- + b d Y,8)< l p(b 1 ,...,b d ) V iV(6 1 y, 1) +... + 6 d y (d) ,5) (6.9) 

l<jW<J 

where p(&) G {1, J _d }, E[p = 1] > 1 - e 3 - Thus 



E[log v?] > £3 log J~ d = - log J dS3 . (6.10) 

Similarly 

iV(6iy (1) +--- + b d Y (d) ,S) > 

Jl Jl 

V ? (D .■(*>(&) Y] N(b 1 Y w w + --- + b d Y w w ,6) (6.11) 
Ji ■■■ji < « Ji J2 Ji J2 

i<jf'<^ 



with 



Iterating, we obtain 



E[log^ ( i) (d) ]>-logJ d£3 . (6.12) 
Ji •••Ji 



N(b 1 Y 1 + --- + b d Y d ,8)> V ^(6)^.(1) . w (6) ¥>.(i).(i) ( d)(d )(6)... (6.13) 

« ■* Jl ■■■Jl Jl J 2 '"Jl J2 

J(D,...,J( d ) 

where = (ji , . . . , Jml), and the expectation of the summands in (6.13) is at least 

Eflog <^]+E[log ip fll (d )] + ... 

e ^^-^ > j-^mi. ( 614 ) 
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Hence 

E[N(b 1 Y+---+b d Y,S)] > J^i-e 3 d mi > [ c2 (l-P)T](l-e 3 )dm K (gjg) 

Recalling that in §5 we identified S' with {1, . . . , mi} and (5.2), (6.5) gives 
E[N(biA + ■■■ + b d A, 5)] > [ c 2( 1 -/ 3 ) T ]( 1 - e 2)(i- e3 )dm 1 

> 5 -(l-/3)(l-e 2 )(l-£3)(l-#)rf (g 16 ) 

where A is the sum set kA D Y. 

Since again from the sumset inequalities 

d 



N{b 1 A + --- + b d A,5)> [n^(A + M,5)] fc -— ^ (6-17) 

it follows from (6.16) that for some b G supp/U 

N(A + bA,d) > lAf-^d-^ 1 -^ 1 -^ 1 -^ 1 -^ 

> £T&-i(l-0)(l-e2)(l-e3)(l-#)|4|_ ( 6 .18) 

Recalling the hypothesis in Lemma 6.4, we assume 

2-P T < p. (6.19) 



§7. Summary 



Recall the parameters 
(1.1) 

K,£ (1.2) 

T (1.4) 

£i (1.3) 

62 (2.16) 

k' (4.2) 

k §5 

0,p (6.2) 

£ 3 (6.3) 
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and the conditions (3.18), (3.24), (4.6), (4.22), (6.19). 
In view of (6.18), take 



/3 = £ 2 =£ 3 = 10- 2 (l-£) (7.1) 



(recall that < a < d) and assume in (1.2) 

E °<^o( 1 -9- < 72 » 

In (6.2), p depends on e 3 , hence onl-|. From (3.18), (3.24), (4.6), (6.19), we impose 
on T the condition 

T > 10 13 (^/3)" 3 + 10( K £ 2 )- 3 + i log - (7.3) 

P P 

taking 

T ~ 10 20 (l - ^) " 3 (V 3 + («') " 3 + log i) . (7.4) 

Recall also that k = k(T), log A; ~ T. 
From (4.29), (6.18), it follows 

N(A + A,5) + N(A + bA, 5) > min(<T^ £2T " 1/3 , S^-^-W 1 -^-^ 1 -*)).^ 

for some 6 G supp /U. 

We proved the following 

Proposition 1. 

Let A C [0, l] d and N(A, 5) = S~ a for some fixed < a < d. 
Assume for some k > 

(7.6) N (AD 1,8) < 6?N(A,6) if 5 < 5 X < 5 s " and I c R d a size 5 x -interval (where 
£ o = ^oi 1 ~ §))• 

Let further p be a probability measure on C(M. d ,M. d ) satisfying 

(7.7) H&ll < 1 for b G supp/U 

(7.8) There is k' > swc/i that 

max //[|6f — ty| < <5i] > c5± for 6 < 8± < 1 
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(7.9) There is p > such that 

™.A\(toM\<P]<^(i-2)- 



max 

M 



Then there is some b G supp p such that 

N(A + A,5) + N(A + bA,5)>5- C7 - T (7.10) 
where r = r(cr, k, k', p) > 0. 

Assume u±, . . . ,u r G £(IR d , R d ) such that \\ui\\ < 1 and for any unit vectors v, w G 

R d 

max \(u s v,w)\ > p (7-H) 

l<s<r 

(note that r may be restricted to some r(d,p)). 

Let J = J(d, a) G Z + be sufficiently large and let \i\ be the normalized image 
measure on C(R d , R d ) under the map 

(j'l, ... ,j r ) t -*b = jlU! H hir-Ur (1 < J s < J). 

If v,w G IR d , |i>| = 1 = and t a scalar, we have, assuming \(uiv, w) \ > p, 

= J~ r ^ \{h < J;\t + j^UiV.w) + j 2 {u 2 V.w) H hjr(MrU-«>) 



2 



J2v ,3r 



1 

< J 

Let no on £(IR d ,IR d ) satisfy (7.7), (7.8). Then the image measure p of p ® A*i under 
the map (6, 6') h-> 6 + 6' will clearly satisfy both (7.8), (7.9). 

Thus one has 

Proposition 1'. 

Let A C [0, l] d and N(A, 5) = 5~ a for some < a < d. 

Assume A satisfies the non- concentration property (7.6). 

Let p be a probability measure on C(R d 1 R d ) satisfying (7.7), (7.8). 

Let further ui, . . . , u r G £(lR d , R d ), ||u s || < 1 and p > such that 

min max | (u s v, w) \ > p. (7-12) 

\u\=l=\v\ s 
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Then either 

N(A + A,5) > 5~ a ~ T 

or 

N(A + bA, 5) > 5~ a ~ T for some b e supp \i 

or 

N(A + u s A, 6) > 5~ a ~ T for some s = 1, . . . , r 
where r = r(u, k, k', p) > 0. 



§8. Discretized Ring Theorem in C 

Using Proposition 1', we prove the following 

Proposition 2. Given < a < 2 and k, k' > 0, p > 0, there are Eo,e' Q ,ei > such 
that the following holds. 

Let Ac C H B(0, 1) satisfy 

(8.1) N(A,S) = 5~ a (5 small enough). 

(8.2) N{A n B(z, t),S)< t K N(A, 5) if 5 < t < o" e ° and zeC. 

Let fx be a probability measure on C fl -8(0, 1) such that 

(8.3) fi(B(z,t)) <t K ' ifS<t< 5 e 'o andz E C. 

Let zi, Z2 G C satisfy 

(8.4) <5 £ o < |zi| ~ |z 2 | < 1 and 

Then one of the following holds 

(8.5) N(A + A, 5) > 5-°- £ K 

(8.6) JV(A + 6A, 5) > o" _<T ~ £l /or some b G supp //. 

(8.7) N(A + Zl A, 6) + N(A + z 2 A, 6) > 5'°-^ . 

This may be seen as the extension to C of the main result from [B2] . 
Proof. 

We identify C with IR 2 viewing complex multiplication by z = x + iy as 

x ~ y ) eC(R 2 ,R 2 ). 
y x J 

Condition (8.3) has to be upgraded to (7.8) (i.e. removing the restriction t < 5 £ '°). We 
proceed as follows. 
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Im ^ 

Z2 



> P 



Define 

t = inf {t > 6;maxfj,(B(z,i)) > t^ K '} 
obtained for z = b say. It follows from (8.3) that to > <5 e °- Denote 



Mi 



//(B(Mo))' 



From the definition of to, it follows that if ^ < t < 1 and zGC 



/ x 1 (g(z > tto))< / ( y^ =tK - (8 - 8) 



In particular, there are elements 6" G £?(&, to) H supp /U such that |6' — 6"| > ct 

Let fi2 be the image 
B(0, C) and from (8.8) 



Let H2 be the image measure of under the map z (-> ■ Clearly supp^ C 



sup fjL 2 (B(z,t)) < 2.t^ K ' for 5 1 ~ s " < t < 1 

z 

hence 

supp n 2 {B{z,t)) < 2.t* K ' for 5 < t < 1. (8.9) 

z 

Regarding (7.12), we take u\ = l,w 2 = fj- From (8.4) 

max(|Im2:|, |Im — z\) > p if |z| = 1 

which gives (7.2). 

Applying Proposition 1', either (8.5) or one of the following 
(8.10) there is some b G supp/U such that 



Then 

N((b" - b')A + (b- b')A, 5) > \b' - b"\ d 5- a - T > c<r CT - T+de ° > <T CT -* 
for e' small enough. 
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From the sumset inequalities 

N( A + bA, 8) > 8~ a ~ i for some b e supp \i. 

(8.10) N(A+ %A,8) > 8~ a - T , implying 

N( Zl A + z 2 A, 8) > d d <- CJ - T > 8~ a -i 

and 

N(A + Zl A, 8) + N(A + z 2 A, 8) > 8'°-^. 
This proves Proposition 2. 
Iteration of Proposition 2 gives. 

Corollary 3. 

Given a, k, k', p, e\ > 0, there are Eq, e' > and some r e Z + such that the following 
holds. 

Let 8 > be small enough. Let A, B C C fl -6(0, 1) satisfy 

(8.12) N(A,6) = S- a . 

(8.13) N(An B(z, t), 8) < t K N(A, 5) for 5 < t < 8 £ ° and zeC. 

(8.14) There is a probability measure p on B such that 

n(B(z, t)) <t K ' if 6<t< S £ 'o and zGC. 

(8.15) There are elements 60,61,62 £ B such that 

60 - 61 



1 60 — 61 1 ~ 1 60 — 62 1 ~ <5 e ° and 



Im ■ 



> P- 



Then there are elements zi, . . . , z r obtained as product of at most r elements from 
B, such that 

N(z 1 A + --- + z r A,8)> 8~ 2+Sl . (8.16) 

Recall the following result from [B] (see Theorem 6 and its proof). 

Proposition 4. Let fx be a probability measure on [0, 1] satisfying for some constants 
k > 0, C 

p(I) < Cp K if I is a p-interval, 8 < p < 1 (8.17) 

(8 assumed small enough). 

Then for some s = s(k,C) E Z+, the set sA^ - sA^ where A = supp/U and 
sA^ = s-fold sumset of s- fold product set A^ of A is 8-dense in [0, 1]. 

Note that in the conclusion of Proposition 4, we may clearly replace 8 by any given 
power of 8 (as a consequence of the statement) 
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Proposition 5. Given k, E\ > 0, there is Sq > and s G Z + such that the following 
holds for 5 > small enough. 

Let Ac Cn B(0, 1) satisfy 

N(Af] B(z, t),6) < t K N(A, 5) (8.18) 

for z eC and 5 < t < 5 e ° . 

Then there is a time segment T C C of size at least 5 Sl , such that each point in T 
is 5-close to an element from sA^ s ' — sA^K 

Again in the conclusion, 5 may be replaced by any fixed power of 5. 
Proof. 

We may clearly assume I E A, replacing A by \A with z e A the element of largest 
norm. Denote A sets of elements obtained from A by (boundedly many) sums of 
products. 

Using Proposition 4, it is easily seen that it suffices to obtain a segment TcCof 
at least 5 62 such that 

N(AnT s ,5) > 5~ 1+£2 (8.19) 
where T$ denotes a 5- neighborhood of T and £2 = £2(^1)- 

Following the proof of Proposition 2, we start specifying some point z G A and 
5 S(> < t < 1 such that for all 5 < t < t , z G C 

N(AnB(z,t),5) < (—Y /2 N{Ar\B{z M)^)- (8.20) 

By translation, we may assume zq = 0. Performing another rescaling, we obtain a 
5-separated set A C 5(0, 1) such that 

(8.21) G A,l G A 

(8.22) |An < W 2 |A| if ki<c,zGC. 
Define next 

I77I = max|Imz| (8.23) 

and let 

Zl =t 1 + i v e A. (8.24) 

If \rj\ > c, we may apply Corollary 3 with A = B since (8.15) holds with e' = 0, p = 0(1) 
(take b - 0, bi = l,b 2 = zi). From (8.16), N(A,S) > 5 _2+e2 , implying (19) for some 
segment TcC. 
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Assume r\ = o(l). 

Let v be the image measure (on [0, 1]) of 1a under the map z — > Rez. It follows 
from (8.22), (8.23) that 

8.25) < p K / 3 if / C R is a p-interval, rj < p < c. 

We apply Proposition 4 to v (with 5 replaced by rj) , concluding that supp v and 
hence KeA can be made ?y-dense in [0, 1]. 

Hence, by (8.23), this implies that 



[0,1] C A + B(0,Krj) 

for some constant K. 

In order to fulfill condition (8.15), we proceed as follows. 
Take z 2 , z 3 G A such that 

|Imz2|, | Im ^3 1 < Kr\ 

|Rez 2 - lOKtil < Kr] 
lOKr] < \Rez 2 - Rez 3 \ < ^Kr] 
(which is possible by (8.26)) 



(8.26) 



(8.27) 

(8.28) 
(8.29) 



, 10K Z1 
/ i v. 

/ i v 
/ 

/ 

/ 

/ 



Z2 



If we let bo = 2Kz\, b\ = z 2 , b 2 = z 3: then (8.15) clearly holds with p = 0(1) and 



for some e' > 0. 



7] = 5 e ° 
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(8.30) 



We distinguish 2 cases. 

If £q in (8.30) is small enough, we may again apply Corollary 3 and conclude as in 
the case r\ = 0(1). 

Otherwise, we proceed as follows. 

Denote 

z 4 = 10K Zl - z 2 (8.31) 

A l = {z e A; < Rez < 1, |Imz| < Kr]} (8.32) 



By (8.26) 



and 



One easily verifies that 



A 2 = z 4 A 1 . (8.33) 

[0,1] C A 1 + B(0,K V ) (8.34) 

A 2 C z 4 [0,l] + B(0,20K 2 r] 2 ) (8.35) 

z 4 [0,l]c A 2 +B(0,20K 2 t 1 2 ). (8.36) 



R = {z = x + iy;0 < x < 1,0 < y < rj} C + A 2 + {z = x + iy;0 < x < crj,0 < y < ci] 2 } 

CA + Ct]R. (8.37) 

In particular, there is some z 5 G A such that Re^ 5 ~ t] and lmz 5 ~ rf . From (8.37), 
also 

RcA + z 5 R (8.38) 
and hence, multiplying both sides of (8.38) by z 5 

z 5 R C A + z\R 
RcA + zjR. (8.39) 

After a few iterations, we conclude that 

[0, 1] C A + B(0, S) (8.40) 

and in particular (8.19). 

This completes the proof of Proposition 5. □ 
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Proposition 6. 

Given a > 0, there is C(a) > and s < s(a) G Z + such that for 5 > small enough 
the following holds. 

Let Ac C H B(0, 1) and 

N(A,5)>5- a . (8.41) 

Then there is a line segment T C C o/ length 5 1 , < 7 < C(cr) swc/i t/iat eac/i pomt 
m T is 5 7+ 2 -close to an element of sA^ — sA^K 

Proof. Assume A consists of 5-separated points. 
Take to > 5 minimum such that for some zq G A 

\AnB(z ,t )\ >t a /2 \A\. (8.42) 

2 

Since obviously \A n B(z , t )\ < (^) , it follows that 



2-CT 

"IT 



to>^. (8.43) 
From definition of to 

\ADB(z,t)\ < (2t) a/2 \A\ if 5<t<t and z G C. (8.44) 
Also, there is zi G A such that |z — z± \ = t . Define 

At = (z 1 -z )- 1 ((A-z )nB(0,to)). (8.45) 
From (8.42), (8.44), if £ < t < 1 and z G C 

\A 1 r\B{z,t)\ < \AC\ B(z + (z 1 - z )z,tt )\ 

< (2tt ) a/2 \A\ 

< (2t) a/2 \A 1 \. (8.46) 

Since (8.43) 

|^i DB(z,t)\ < for 5<t<l (8.47) 



and 



k = — — (8.48) 
4 - a 



(note that Ai consists of 5-separated points). 

31 



Apply Proposition 5 to A\ with k = Si = \{sq = 0) to obtain a segment Ti of 
size 5 ^ such that 

Ti C sA[ s) - sA[ s) + B(0, 5) (8.49) 

with s = s(a) G Z + . From (8.45) the rescaling of Ti by a factor £ gives a segment T 
of size S^tQ = 5 1 for which by (8.49) 

T c sA^ - sA^ + B(Q,t s S). (8.50) 

This proves Proposition 6. □ 
Remark. 

From the statement of Proposition 6, it also follows that for any given integer 
r G Z + , assuming (8.41), there is a segment T C C of length 5 1 such that each point 
of T is 5 7+r -close to an element from sA^ — sA^ s \ where 7 = 7(0-, r) and s = s(a, r). 

There is the following Cartesian version of Proposition 6 for C d equipped with its 
product ring structure. This is the result we need for our S'L r ((i)-analysis (see Corollary 
10). 

Proposition 7. Let A C C d fl B(0, 1) satisfying 

N(A,5)>5-' y (8.51) 

for some < a < d. 

Then there is a unit vector £ G C d such that 

[0, <F].£ C sA is) - sA is) + B(0, <F +1 ) (8.52) 

for some < 7 < C(<i, a) anrf s G Z + , s < s(<i, a) . 

Proof. Proceed by induction on the dimension d. 

From Proposition 6 and the Remark, statement holds for d = 1. 

Next, assume Proposition 7 up to dimension d. Let A C C d+1 fl £?(0, 1) and 

iV(A,5)><r <J (8.53) 

for some a > 0. 

We will denote again by A sets of the form sA^ — sA^ s > for varying s. If I C 
{1,... ,<i + l}, 717 stands for the coordinate restriction. 
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Rearranging the coordinates, we may assume that B = 7T{ lj ...,d}(^-) satisfies 

N(B,S) > S~^ a > <T*. (8.54) 
From the induction hypothesis, there is a unit vector £ G C d = [ei, . . . , e^] such that 

[0, <F].f C sS (s) - sS (s) + B(0, <F +1 ) (8.55) 
for some < 7 < 7(0"), s G Z + , s < s(d, cr). Hence we may introduce a function 

V? : [0, <T] -> I (8.56) 

satisfying 

ki,... ,d] V^) — ar^| < 5 1+7 for < x < <F. (8.57) 
We will distinguish several cases. 
Case 1. N(n d+l (^([0,5^])),5 2 ^) < <H. 

Then there are elements £1,0:2 G [0,5 7 ], \x\ — x%\ > 5 1+ ^ such that 
|7rd+i(^(xi) - (f(x 2 ))\ < 5 2( - 1+ ^. Hence, from (8.57), for < x < <P 

^(x)[^(xi) -¥>(x 2 )] = (x7r {1 ,..., d} (^(xi) - <p(x 2 ))4,0) +0(S 1+ ^Mx 1 ) -<p(x 2 )\ + S 2 ^) 
= x.<F 1 £' + 0(5 1+7+71 ) (8.58) 

where 5 71 = \tt\i,... ,d\ (^(^1) — ( p( x 2)) | ~ |#i — xi] > 5 7+ ^ and £' = 5~ 71 (£, 0) a unit 
vector in C d+1 . Therefore 

[0, <F +7l ]£' c I + 5(0, <F +7l+1 ). (8.59) 

Case 2. 

iy(7r d+1 (^([0,5 7 ])),5 2 ( 1+7 ))>5-i 
In particular, S = 7id+i(A) satisfies 

and an application of the d = 1 result gives a segment J C Ced+i of size 5 71 such that 

Jc S + B(0,<F 1+1 ). (8.60) 
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Case 2.1 Assume ip approximatively linear in the sense that for all x,y,x + y G [0, 5 7 ], 

\<p(x + y) - <p(x) - <p(y) | < <T + *. (8.61) 
Take m = [S~^] and tj = ^5 7 (1 < j < m). Clearly (8.61) implies that 

<p(tj) =<^i) + <^_i) + 0(<F+5) 

= Mt 1 ) + 0(8y+i). (8.62) 

Therefore 

OV(*0; 1 < J < m} C i + S(0, <F + *). (8.63) 
Note that <H+3 « |£i| < |^(ti)| < 6$. Let f = ^|]| G C d+1 . 
It follows from (8.63) that 

[0,A]('cI+B(0,5 1/4 A) (8.64) 

with A = Iv^i)^" 1 / 4 . 

Case 2.2. Assume there are x, y G [0, 5 7 ], x + y G [0, 5 1 ] such that 

\ip(x + y)-ip{x)-ip(y)\>P +1 *. (8.65) 
Denoting £ = (p(x + y) — ip(x) — ip(y) G A, it follows from (8.57) that 

k[i,...,d]CI<5 1+7 (8.66) 

hence 

ICml >$ jH - (8-67) 
Taking r G Z + (an integer to specify), write 

lDC r iD(0,a+i^) + 0(^ 1+7 )) 

D (0,C d r +1 J) +0(^( 1+7 ) + |Cd+i| r ^ +1 ) 
(8.60) 

= (0,C d r +1 J)+0(|O+ir^ 1+1 ) (8.68) 

using (8.66), (8.67) and taking r large enough. Again (8.68) provides a segment 
[0,<S 72 ]f, <S 72 = iCd+iT* 71 , contained in A + B(0, 5 72+1 ). 

In summary, we certainly obtain a unit vector £' G C d+1 such that for some 
< i < C(d, a) 

[0,^'cI + B(0,^ + J) (8.69) 

(as there is only a gain in (8.64)). Since the same statement holds with S replaced 
by 5 4 (note that then a in (8.41) needs to be replaced by j), we proved (8.52) in 
C d+1 . □ 
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Corollary 8. 

Denote C^Ac Matd X d(C) the diagonal matrices. 

Assume A C Matd X d(C) satisfies 

(8.70) A C 5(0,1) 

(8.71) iV(A,(5) > S~ a 

(8.72) dist (x, A) < 5 /or x E A 

Then there is £ G A, ||£|| = 1 sitc/i £/ia£ 

(8.73) [0, <5 a ]f c s'A^ - s'A^ + 5(0, S a+P ) 

where < a < c(d, a), ft > c(d, a) > and s, s' G Z + ; s, s' < s(<i, a). 
Proof. 

From (8.71), also N(A, o" 1- ^) > 5~f . Let fe G Z + to be specified and 
Clearly 

N(A,5 1 ~^)< Y[ maxN(AnB(y,S{),S{ +1 ). 

o<e<k v 

It follows that there is a subset A\ C A and o^ -1 < 5 2 < 1 such that 

(8.74) diamAi < 5 2 

(8.75) iV(Ai,($K$ 2 ) > 5"* > 8^. 

By (8.72), for each x G A, there is x' G A with |x— x'\ < 5; the set Bi = {x'; x G A{\ 
still satisfies (8.74), (8.75). 

Take ( £ B t and denote 

5=1(^-0. (8.76) 

Hence 

(8.77) B c AnS(0,l) 

(8.78) N(B,6!) > 5~ § 

(8.79) If x G -B, then dist (x, iil ^ iii ) < 2£. 

Apply Proposition 7 to B C C d . This gives a unit vector £ G A such that 

[0, o7]£ C sB^ - sBW + B(0, 5{ +1 ) (8.80) 

for some 7 < 7(0!, a) and s G Z + , s < s(<i, a). 
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Prom (8.74), (8.79), 

distfx, {Al - Al)(S) )<2sl for xeflW 

and hence 

sB^ -sB is) C V(s'^ (s) -s'^) + s(0,c fl |-). (8.81) 
From (8.80), (8.81) 

[0, 5J5 S 2 }£ c s'A^ - s'AW + 5(0, 5; +7 5| + c a <W2 _1 ). (8.82) 
Note that by definition of <5i 

provided 

A;>2rf(l + 7 (rf,(T))(T- 1 . (8.83) 
Hence (8.73) holds with 5 Q = <57<Sf and = £(l - ^). 
Remark. 

We also note that the element £ G A ~ C d belongs to the algebra generated by 
{x' -y';x,y G A} c C d . 

Part II: Analysis on the Unitary Group 

We now return to Theorem 1 and carry out the program sketched in the Introduc- 
tion. 

§9. Construction of Near-Diagonal Elements 

The main results from this section are formulated in Proposition 9 and Corollary 

10. 

Let q > 2 and gi, ■ ■ ■ ,g q be fixed algebraic elements in U(d) which freely generate 
the free group F q . Let V = (g 1 , . . . , g q ). 

Denote by We the set of elements of V that may be obtained as a word of length 
< £ in {gi, g^ 1 , ... ,g q , g~ x }. Thus We C We+i- The following properties hold 

(9.1) \W e \ ~ (2q-l) e 

(9.2) There is a constant c\ > such that \\x — 1|| > C± £ for x G W^\{1}. (This is 
noncommutative diophantine property, introduced in [GJS] and used in con- 
nection with the spectral gap theorem in [BG]). 
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More generally, if P(xi, . . . , x r ) is a polynomial with integer coefficients and vari- 
ables Xi G Matrf X d(C), then 

(9.3) If x\, . . . , x r G W^, either P(xi, . . . , x r ) = or |P(xi, . . . , x r )\ > C~ £ where 
C depends on Y and the degree of P. 

For 5 > 0, define 

= {x e W e : \\x - 1|| < 5}. 

2d 2 

One may cover C/(d) by at most (|) balls B a of size | and take a such that 

|Sa n Wt \ > S 2d2 \We\. Then (B a CiWt)-HB a n W<) C 5 and by (9.1) 

1 2 2 2 2 ' 

(9.4) |^ )5 |>5 2d2 (2 ? -l)l 

The key idea underlying the proof of the following result originates in the work of 
Helfgott [H]. 

Lemma 9.5. Assume A C ?7 (c?), 61, • • • , b r e W"^ and 5 > roitt £ < log ^, such that 

(9.6) iV(A,o") > S~ a 

(9.7) span A C span (61, . . . , o r ) 

where "span" refers to the linear span in Matd X d(C). 

r/ien there is i e {1, . . . , r}, a e A and a subset A\ C (^LL4 _1 U{&i, 67/ 1 , . • • , 6 r , ft" 1 })^) 
(^/ie s-fold product set) and 5\ > swc/i t/iat 

(9.8) o" c < 8i < 5 (where C = C(Y)). 

(9.9) sGZ + ,s< s(r,a). 

(9.10) TTie elements of A\ are b\-separated and \A±\ > b~ a l 2r . 

(9.11) \\xab~ 1 - ab^xW < 81 for x e A x . 

Proof. 

We may assume that 61, . . . , b r are linearly independent in Matd X d(C). 
Consider the map 

if : span (61,... ,6 r )-^C:xK (Trx6*,... , Trzo*). 

Clearly, by (9.3) 

||v- 1 ||~ll[C&6*6;)i<*j<r]- 1 || 

^IdetKM*)!^,]!- 1 

< C?. (9.12) 
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Let A' C A be a 5-separated set, \A'\ > 5~ a . By (9.12) 

\(p(x) - (p(y)\ > Cz'S for x^y in A' 
and hence, for some % = 1, . . . , r 

^(TrA^" 1 ,^-^) > <J"r. (9.13) 

Take A" C A' such that 

(9.14) > S~r 

(9.15) iTrafe" 1 - Tra'6" 1 ! > C 2 "^ for a ^ a in A". 
Denote by 

A = (A u A" 1 u {&!, 6r\ ...,b r , b; 1 })^ 

the s-fold product set and let 

S t = C^S. (9.16) 

Since i < log|, trivially iV(./4. s ,<5i) < (j-) 2d < (f) 2 ^ ( - 1+logC ' 2 - > . Hence, there is some 
s G Z_|_, 

logs < 4rdV _1 (l + log C 2 ) (9.17) 

such that 

iV(^2( s +i),5i) < S-^N(A S ,S 1 ). (9.18) 
For a G A", consider the restricted conjugacy classes 

C a = {xab~ l x~ x ,x G A s } C A 2s +2- 

By (9.15), dist (C a , C a >) > Si for a 7^ a' in A" and hence there is a G A" such that 

N(C a , 5 X ) < N(A 2s +2, h)^ < N(A S , 5 l )5^ (9.19) 

(invoking (9.14), (9.18)). 

Consider the map A s — > C a : x (-)■ 2a6~ 1 x~ 1 . It follows from (9.19) that there is 
some x G *4. s and a subset ^4 C A s satisfying the following properties 

(9.20) |v4.| > with ^-separated elements. 

(9.21) \\xab~ 1 x — xoab~ 1 xo\\ < 81 for x G A. 

Hence the set A\ = Xq 1 A satisfies 9.11. This proves the Lemma. □ 
Our aim is to prove the following 
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Claim (*). Given 5 > 0, there is < S± < 5 and a subset A C We such that 

(9.22) £~ log \ ~ log £ 

(9.23) TTie elements of A are di-separated and \A\ > b~^ c . 

(9.24) In an appropriate orthonormal basis 

dist (a, A) < <5i, 
where, as before, C^Ac Matd X d(C). 

More generally, the same statement (with essentially the same proof) holds if We 
is replaced by a large subset H C W^, i.e. log \H\ ~ £ (see the discussion preceding 
Proposition 9). 

Compared with [BG2], it should be noted that the construction of the almost di- 
agonal set A does not use regular elements and this makes the argument a bit more 
complicated. On the other hand, Proposition 9 below gives a more general result of 
some independent interest. 

Assume (*) fails for some (sufficiently small) S. By induction on 1 < d\ < d, we 
then establish the following statement. 

(**). If log ~ log j, there is an element x G We^ 1 with £ < Clog | such that x has 
at least d\ distinct eigenvalues. 

Next, we show that (**) for d\ = d implies (*), hence obtaining a contradiction. 
Proof of (**) =>- (*) 

Take x E We 5, log | < £ < C log | with d distinct eigenvalues Ai, . . . , A^. Since by 
(9.3) 

Y[\\ i -\ j \ 2 ~\Res(P x ,P^)\>C- £ 

where P x denotes the characteristic polynomial of x, it follows that 

\\i -Xj\> Cz l for l<i^j<d. (9.25) 

Take L > t, L ~ £ and L/£ sufficiently large (according to the argument that follows). 
Assume 

span(W L)2(5 )= span(Wi L)5i ) (9.26) 

where 

S 1 = (2C 3 )~ e < 5. (9.27) 
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Take b[, . . . , b' r G Wi LM , such that (9.26) = span (b[, . . . , b' r ). Note that bi = b\x G 
L+e,s 1 +8 c Wl,26 an d 61, • • • ,b r are linearly independent. Hence, by (9.26) 

span (61, . . . ,b r ) = span(W Li 2s)- (9.28) 
Apply Lemma 9.5 with A = Wi Lj5l and 6 = C 1 _L (cf. (9.2)). By (9.4) 

\Wi LtSl \>6**(2q-l)$ >3^ 

if L > 8d 2 (logC 3 )£. Hence we may take o > 101o q . 

Prom the Lemma, we obtain i = 1, . . . ,r, a G Wi LSi and A\ C W s l,2s($ C VF s l 
such that for some 

(9.29) The elements of A\ are ^-separated and \A\\ > 3^. 

(9.30) \\yab~ 1 - ab^y]] < 5 2 for y G A 1 . 

Note that £ = ab~ x = ax _1 (6^) _1 = x _1 +0(5i) so that the eigenvalues of £ satisfy 
essentially the same separation property (9.25). Choosing an orthonormal basis that 
makes £ diagonal, it follows from (9.30) and (9.25) that the off-diagonal elements of 
y G Ai are bounded by £263 = £3. Take a subset A C Ai of 53-separated elements, 

|A| > C 3 - 2d2 Vil > 3^ > 5 3 " c (assuming L > 100rrf 2 (logC 3 )£). 
Hence A satisfies (*) (with £ = sL and 5\ = 63). 
Next, assume that 9.26 fails, thus 

dim span (VFl,25) > dim span (Wi L Sl ). 

Replace L by ^ and 5 by 4f and repeat the argument. 

After at most d 2 steps (and assuming Ljt large enough), we reach the same con- 
clusion. This proves the implication (**) =>- (*). □ 

Proof of (**) (assuming (*) fails) 

For di = l, the statement is trivial. 

For d\ = 2, we may argue as follows. 

If T is a commutative subgroup of GLd(C), then 

\w £ nT\<e (9.31) 

(using the fact that commutative subgroups of F q , the free group on q elements, are 
cyclic) . 
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Hence, if t > clog ±, it follows from (9.4), (9.31) that 

W e , Sl <£{zl;zeC,\z\ = l} 

and hence Wg y g 1 contains an element with at least 2 distinct eigenvalues. 

We now turn to the inductive step. Assume (**) holds for 2 < di < d. We follow the 
proof (**) =>- (*). Take x G Wg^ 7 i < clog | with di distinct eigenvalues Ai, . . . , A^, 
hence satisfying 

(9.32) |A< -Xj\> C 3 ~ e for 1 < i ^ j < d x . 

Repeating the reasoning following (9.26) (with the same notation), we obtain some 
f G WL+t,2S!+s, U - = 0(6i) and A 1 C W sL , 2sS such that 

(9.33) The elements of A\ are (^-separated and \A\\ > ■ 

(9.34) \\yt-iy\\<hioYySLA x . 

where log ^ ~ L and Ci < L < C'i. 

Take a subset A 2 C AiAj -1 C W 2s l satisfying 

(9.35) A 2 cB(l,C 3 2£ ). 

(9.36) The elements of A 2 are 5 3 = C\ £ . ^-separated and 

|A 2 | > C 3 - 8d2 Vil > l^il* > <^ c - 

Obviously from (9.34) we have 

(9.37) \\yZ-Zy\\< 262 foTyeA 2 . 

If £ has at least d\ + 1 distinct eigenvalues, we are done. 

Hence, assume £ has only di distinct eigenvalues A' l7 . . . , A^ . Since ||£ — < 
^ = (2C 3 )^, it follows from (9.32) that {Ai,... ,A^} is an (9(5i)-perturbation of 
{A^f 1 , . . . , A^ 1 } and in particular 

\K~K\> for l<i^j< di. (9.38) 

Diagonalize £ in a basis e^, . . . ,e' n and write {1, . . . , n} = U s li where 

& = X'A for i G 7 S . (9.39) 

We denote by Ri the restriction to I C {1, . . . , n}. 
It follows from (9.38), (9.37) that 

\\y-y'\\<C e 3 6 2 (9.40) 
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where 

y' = © R h yRi s = © y' s . (9.41) 

s=l s=l 

1. 

For s = 1, . . . , di, let y' s = U S P S , P s = ((y' s )*y' s ) 2 , be the polar decomposition of y' s . 
Since by (9.40) 

ll(yi)V.-i/.ll<^ 2 (9-42,) 



it follows that 



Ws ~ U s \\ < C*8 2 . (9.43) 



We distinguish 2 cases. 

(i) Assume that for all y G A 2 and s = 1, . . . , d\ 

dist(^,{zlj.;zeC})<<y 3 . (9-44) 

From (9.40), y is an 0(5s)-perturbation of a diagonal matrix. 
Hence A 2 satisfies (*) (with £ = 2sL, 5i = 83), a contradiction. 

(ii) Let y G A 2 and s = 1, . . . , d\ (say s = 1) such that 

dist(yl,{zlj i; zeC})><5 3 . (9-45) 

Hence, by (9.43) 

dist^^zlj^zeC}) > ^ 3 (9.46) 

and C/i has at least 2 eigenvalues that are ^^-separated. 
Take for s = 1, . . . , d\ a basis {e"; z G 7 S } of [ej; z G J s ] diagonalizing i7 s . If 

U a e'( = me? for iel s (9.47) 

we have 

|i-^|<l|i/ s -t/ s || < I|1/ S -^|| + 0(C 3 %) 

(9.43) 

< |l- y || + ||y-y'||+0(C&5 2 ) 

< C 3 - 2 ^ + 0(C|<y 2 ) < 2C 3 - 2 ^ (9.48) 

(9.35) 
(9.40) 

and 

(U®sU s )){e'l)=ii i \' s e'l for i G I s . (9.49) 
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By assumption, we may take \i 2 , {1, 2} C ii, such that 



-fi 2 \> ^63. (9.50) 
From (9.38), (9.48), we have for i\ G / Sl ,^2 £ ^ S2 , si 7^ s 2 

~ H*K a \ > ~ 4Cs 2£ > \Cs e . (9.51) 

In view of (9.50), (9.51), £((B S U S ) has at least d\ + 1 eigenvalues that are ^3-apart. 

Consider the element £y G W^s+^L+e^+s C W^( s +i)l,25- Since 
||&/ - f(©t/ a )|| ^ C|^2 by (9.40), (9.43) and 5 3 = Cf.5 2 , also £y has at least 
d\ + 1 distinct eigenvalues. Hence (**) holds for <ii + 1. □ 

This completes the proof of (*). 

We also need the following extension. 
Assume H C Wi, 1 £ H = H' 1 such that 

\og\H\~L (9.52) 
The s-fold product set obviously satisfies C W 7 ^. 

On the other hand, from Razborov's product theorem in the free group (see [R]) 

\H.H.H\ > \H\ 2 - £ (e > 0). (9.53) 

Hence, for a < 

|#00| > \H\ sa . (9.54) 

(Note that any statement of the form nf^-j-g] - — >■ 00 with s — >■ 00 suffices for our 
purpose.) 

Replacing the sets Wy,i' < £ by product sets H( s \ a straightforward adaptation 
of previous analysis permits us to obtain again a set A C i/^ s \ for some s, satisfying 
(9.23), (9.24). This gives 

Proposition 9. Let gi, . . . , g q be algebraic elements in U(d)(q > 2) generating a free 
group. Take H C Wi(gi, . . . , £ sufficiently large, such that 

log I if I (9.55) 

T/iere is A C # (s) (s < C) and 5 > swc/i £/iai 

(9.56) log \~L 

(9.57) The elements of A are d-separated and \A\ > 5~ c . 

(9.58) In an appropriate orthonormal basis, 

dist (x, A) < 5 for x G A. (9.59) 



43 



Corollary 10. Let gi,... ,g q G SU(d)(q > 2) be algebraic and free. Let H C 
Wi(gi, . . . , g g ), £ /arge enough, such that 

(9.60) log |ff | ~ t 
TTien £/iere are do > 5 > 

(9.61) log^~log±~£ 
and £ = (&j)i<i,j<d 

(9.62) = = and ||£|| = 1 
smc/i t/iat £/ie following holds. 

Let rj G £(C d ), ||n|| < 5 and t e [0,S ]. Then 



(9.63) 



/or some x G (if U {1 + n, (1 + n) 1 }) < - s - ) ; s < C and where 7 > is a fixed constant. 
Proof. 

First apply Proposition 9 to H. We obtain A C H( Sl \ si < C and o~i > 0, £ ~ log ^ 
such that the elements of A are (^-separated 



and (after a base change) 



log \A\ ~ £ 



dist (x, A) < o~i for x E A. 



(9.64) 



(9.65) 



Denote V the vector space Md X d(C) for x G SU(d) and consider the adjoint represen- 
tation p x , p x (z) = x~ x zx, acting unitarily on V. 



We will apply Corollary 8 to the set 

A = {p x ;xe A} CU(V). 

To each x G A, associate 



(9.66) 



x 



for which by (9.65) 



' = ^ xu €j G A 



Since detx = 1, it follows that 



7. 



< 



1 - Y[xii\ <5i 



(9.67) 



(9.68) 



44 



and 
Also 



|l-M|<5i (l<i<d). 



\\px - px'W ^ h 

where p x > G A v = {diagonal elements of Mat(V)}. 
For x,y e A, we have 



(9.69) 
(9.70) 



\Px' — Py' || ~ max 



> 



max 



•Eii Uii 

x jj Vjj 
d-1 



x 



y d ~ l 



> max l^-yfj-O^) (by (9.68)). 
Hence, if \\p x > — p y > \\ < Si, there are fcj G {0, 1, . . . , d — 1} (1 < % < d) such that 



<5i. 



Since the elements of A are 5-separated, we may find a subset Ai C A such that 
| Ai| ~ \A\ and 

ll/V - Py'\\ > CSi for x,yeAi 



hence, by (9.70) 
It follows that 



\Px ~ P y \\ > Si for x,y G Ai. 



JV(A*i)>l4><Sr c . 
Thus A satisfies (8.70)-(8.72) with S replaced by Si. 

By Corollary 8, we obtain f = (f^) G Ay, ||f || = 1 such that (8.73) holds. 
Thus for t G [0, Sf], there is M G s'A {s) - s' A {s) such that 



\tJ2&j z ij( e i® e j)- M ( z )\\ < 6 i 



a+/3 



(9.71) 



for all z G V, \\z\\ < 1. 



Moreover (by the Remark following Corollary 8), £ belongs to the algebra generated 

by {px 1 — Pv''i x iV since p x > G Ay has diagonal elements — , it follows that 

x jj 

& = o. 
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Also 

(p x (ei <S>ej),ei ® ej) = (p x (ej <S>ei),ej ® e*) 

for x G C/(d), hence 



(M(ej (g) e_,-), ej <g) e_,-) = (M(ej <8> ej), e^- <8> e_,-). 

Therefore we may take £ with £^ = £y in (9.71). 

Note that ^4A S ) = p^( S ) and Pa^)V = G A^ s ^}. 

If || 77 1| < 6, it follows that 

2s' 

M V +1= J](l+X-Va) I! (1-*«V«)+0(%II) 
a=l a=s' + l 

2s' 

= n^a 1 (l + ^)^a J] ^(l+^-^a + O^IHI) 
a=l a=s'+l 

for some x a G A( s ). Hence 

M?7 + 1 G (H U {1 + 77, (1 + ^)-1})2«'(2mi+i) + B (Q 5 C<y||7/||) 
and there is x in a product set of if U {1 + 77, (1 + 77) _1 } such that 

\\M v + l-x\\ <%||. (9.72) 
Taking z=^in (9.71), it follows that 

111 + ® ej) - x\\ < 6? + %\\ + 8\\ V \\. (9.73) 

Take 6 < 5" +l3 . We obtain (9.63) with S = 6f, 7 = §. 
This proves Corollary 10. □ 

§10. Expansion in 5C/"(d) (1) 

Let yi, . . . , gk G G = SU(d) be algebraic elements and assume V = (<7i,... , <7fc) 
Zariski dense in G. Denote 

k 

" = ^X>*+**-o ( 1(U ) 
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which is a symmetric probability measure on G. 
Our aim is to establish a spectral gap, i.e. 

||/H|2<(l-e)||/|| 2 for feL 2 (G). (10.2) 

Invoking a result of Breuillard and Gelander [BrGe], we may assume k = 2 and {gi, g 2 } 
generate the free group F 2 . 

Note that G is d\ = d 2 — 1 dimensional over IL 

Denote for 5 > 

* = ifek < 10 ' 3 > 

an approximate identity. 

As we show below, (10.2) is a consequence of the following main proposition. 

Proposition 11. For any given t > 0, there is a positive integer £ < C(r) log | such 
that 

\W W * PsWoo < S~ T (10.4) 
where = v * ■ ■ ■ * v denotes the l-fold convolution. 



Note that (10.4) may be replaced by the a priori weaker statement 

*Psh < 5" r . (10.5) 
Indeed, since P§ < C(Ps * Ps), one has for x E G 



(uM*P s )(x) < C(uW*P s ,t x -i(uW*P s )) < \\uW*P s \ 



where (r x -if)(y) = f(yx : ). 

Note that since {gi, g 2 } are algebraic and free, one gets trivially that 

\W {£) *Psh < S-^ dl+e (10.6) 

for some 9 > 0. Proposition 11 will therefore follow from a bounded number of 
applications of 
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Lemma 10.7. (L 2 -flattening lemma). 

Given 7 > 0, there is k > such that if 5 > is small enough, i ~ log \, if 

\W (e) *Psh > 5 " 7 ( 10 - 8 ) 

then 

\\v {2t) * Psh < SK \W W * p sh- (10-9) 



We use notation | | to denote either the Haar measure on G or the cardinality of a 
discrete set. 

Denote /i = v^ 1 * P$ and assume (10.9) fails, i.e. 



From a noncommutative version of the BSG theorem due to Tao [T, Thm. 5.4.], we 
obtain a subset H of G, H a union of 5-balls, and a discrete set X C G satisfying the 
following properties. 

(10.11) H = H~ 1 . 

(10.12) H.H C H.XDXH. 

(10.13) |X| < 

(10.14) ^(afl") > 5°+ for some a E G. 

(10.15) < 

Properties (10.11)- (10.13) mean that if is an 'approximate group'. Note that 
(10.12), (10.13), (10.15) imply 

(10.16) |# (s )| < (s) <y°-|if| < for any given s G Z + 
where ii/"^ s ^ stands for the s-fold product set. 

For notational simplicity, let H' denote product sets for unspecified (but 

bounded) s G Z + . 

The proof of Lemma 7, and hence of Proposition 11, will be completed by showing 
that there is no approximate group H satisfying (10.14), (10.15). 

This is the same approach as in [BG] for SU(2). But, as discussed in the introduc- 
tion, the argument used here differs from that of [BG], and is analogous to [BG2] on 
expansion in SLd(p n ). 

We first show how to derive (10.2) from Proposition 11. 

In [BG] treating G = SU (2), we relied on [GJS] extension of Sarnak-Xue technique, 
based on suitable averaging of characters of the irreducible representations on spaces 
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of homogeneous polynomials. The argument presented below gives an alternative 
approach that is perhaps more geometric and 'general' in the sense of being applicable 
to other groups. 

We will reduce the problem to a convolution property on the group G (Lemma 10.35 
below). The relevant inequality will then be established first for G = SU(2) and next 
in general for G = SU(d), using 5 , L r (2)-embeddings. 

Let G = SU(d) and denote (p g f)(x) = f(xg) acting on L 2 (G). Letting v be the 
discrete, symmetric probability measure (10.1), we have to establish (10.2). Assume 
to the contrary that 

||/*i/|| 2 > 1-e (10.18) 

where / G Lg(G), ||/|| 2 = 1. 

We introduce a Littlewood-Paley decomposition on G (which is standard construc- 
tion in harmonic analysis, see, for example, Chapter 4 in [S]). 

For / G L 2 (G), < 5 < 1, let 

(f*P s )(x)=f f(xg)dg (10.19) 
Jb(i,s) 

with Vs introduced in (10.13) and denote 

Ai/=(/*P 2 -0- / / 

J G 

A fc /= (f*P 2 -k)- (/* P 2 -k+i) for k>2. (10.20) 
Thus we have dcomposition 

k>i 

satisfying the square function property 

^(Eii^/ii')* < ii/ib <c(j2\\ A kf\\i) h - ( 10 - 22 ) 

Since p g (f * P§) = (p g f) * P5, it follows that A k f * v = A k (f * v). Hence, by (10.22), 
for all i G Z_|_ 

\\1*^h~ (Ell^*/)*^!!')'- (ia23) 

k>i 

Note that from the Zariski-density assumption for T, no elements of Lq(G)\{0} are 
T-invariant. Hence 



(10.24) / -> (weakly) if / G Lq(G), \\f\\ 2 = 1 satisfies (10.18) with e ->■ 0. 
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Therefore we may assume 

k>ko 

where ko = ko(s) s —^> oo. 

Let £ E {2 m } be fixed and sufficiently large (to be specified). 
From (10.18), (10.22), (10.23) and (10.25), taking e small enough 

||/*i/<*°>|| 2 >(l-e)*>i 

and 

E \\A k f*u^g>cj2\\^m 

k>ko k>ko 

with c independent of t$. 

Therefore there is some k > k such that 

A fc / 



l|A fc /|| 2 

satisfies 

\\F *v {eo) \\ 2 > c. 
Take £ ~ k (to specify). From (10.28) 

||F*z/^)|| 2 >c £ . 

Let 5 = A~ k . Then, by (10.27), F « F * P 5 and (10.29) implies 

||F * /X 1 1 2 > c £ 

where /U = * P 5 . 
Fix r > 0. If we take 



(hence 



Proposition 11 gives 



< <>C(T)logi 



ImIIoo < 5" 
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Rewrite (10.30) as 



and hence by (10.32) 



F{xg)n{g)dg 



dx > c 



2i 



G G 



-2r 



G G 



F{xg)F{x)dx dg > J J J F(xh- 1 g)F(x)dx n(g)/j(h)dgdh > c 21 . 

(10.33) 



GG G 



Denoting F x {x) = Fix' 1 ), it follows from (10.33) that 



\F 1 *F\\ 1 >c 2i 6 2T >6 S % 1+2T . 



(10.34) 



In order to obtain a contradiction, it will therefore suffice to apply 



Lemma 10.35. Given c > 0, there is c' > such that if Si > is small enough and 
F U F 2 E L 2 {G) satisfy \\F X \\ 2 < 1, ||F 2 || 2 < 1 and 



Then 



\F 2 *P 5l \\ 2 <8 c 1 . 
\F 1 *F 2 \\ l < b~(. 



(10.36) 
(10.37) 



Indeed, by (10.27), F satisfies (10.36) with S\ = 2~ k / 2 say and (10.37) contradicts 
(10.34) by taking first r small enough and then £ large enough. 

Returning to Lemma 10.35 for G = SU(d), note that this principle obviously fails 
ford=l. " 

We will first establish (10.35) for G = SU(2) and then derive from this the statement 
for G = SU{d),d> 2. 

Proof of Lemma 10.35 for G = SU(2) 

Denoting by T the convolution operator by F 2 acting on L 2 {G), we have to prove 
that 



|T|| < 51 



(10.38) 



It suffices to verify (10.38) for the action of T in the irreducible unitary representations 
of SU(2), that is on the spaces W n = [z k w n ~ k ; < k < n] of homogeneous polynomials 
on the unit sphere of C 2 . From the theory of induced representations (Frobenius' 

/ e 2nid \ 

theorem) applied to the diagonal subgroup D = {Rg =1 e -2-nie j ; < 6> < 1}, 
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we see that the IUR of G are contained in one of the following two representations 
Po,Pi (depending on n being even or odd). 



(i) po is acting by right translation on the subspace Vq of L 2 (G) of functions that 
are left invariant under the action of D. Thus / e Vq if f(x) = f(Rgx) and / factors 
over D\G ~ S^ 2 \ Equivalently, po may be seen as the representation of 50(3) on 
L 2 (SW) by rotation. 

(ii) pi is acting by right translation on the subspace V\ of L 2 (G) of functions satis- 
fying 

f(R e x) = e ie f(x). (10.39) 
To establish (10.38), we need to show that 



|T|v || < S{ and ||T| Vl || < <*? 



(10.40) 



We treat the action on V\ (the case of Vq is analogous). 

Let / e V u ||/|| 2 = 1. We have to prove that || / * F 2 || 2 < 5( . In view of (10.36), 
we can assume that 

||/*n 2 ||2<*2 (10-41) 

with 5 2 = Si . Write 



\\Tf\\l = 



f(xyi )f(xy 2 )dx\F(y 1 )F(y 2 )dy 1 dy2 



GxG G 



< 



f(x)f(x.)dx 



Squaring again and using that / e Vi, it follows 



\\Tf\\t < j f(x)f(xy) f{xi)f{xiy)dxdxidy 

GxGxG 

= J J f(x)f(R e xy) f(xi) f(R e xiy)dxdx 1 



dyd9 



GxGxG 



GxGxG 



f(x)f(y)f(x 1 ) / f{R e xix- l R-ey)d9 
'0 
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and 



IIT/H5 < 



c 



D\G 



f{R e xR- e .)de 
S x f\\\dx 



dx 



where we denoted 



SJ(x) = [ f(R e zR- e x)d6. 
Jo 



(10.42) 



(10.43) 



For z = 



iip 



r se 
_ se -iy r 



s 7^ 0, the operator S z acting on L 2 (G) is smoothing, since 



(RgzR-e; < 9 < 1) = G. In fact, geometrically if we identify G with the unit sphere 



in C 2 through the map g = 





—w > 






r 








V w 


V J 




V w ) 



, S z is obtained by a circular average 



with circle of radius s centered at ( J in the plane spanned by 



rv 



-w \ , I iw 
and 

v \ IV 



In view of (10.41), we obtain that (10.42) < 8% and hence ||T/|| 2 < 6?°° . This 
proves (10.40). 



Next we treat the general case, using the result for d = 2. 
Proof of Lemma 10.35 for G = SU(d),d > 2. 



Take a subgroup H of G, H ~ SU(2), considering for instance the embedding 

2 

i,3 = 



SU(2) ->■ SU(d) : h ^ E-,,=i hij e l <g> e,. 
Write 



l^i *F 2 ||i 



G G 




F 1 (g)F 2 (g- 1 x)dg 

F 1 (hg)F 2 (g- 1 h- 1 yx)dh 



dy 



dxdg. 



G G H H 

Fixing x, g G G, introduce the following functions </?i, <^2 on if 

<Pi(y) = Fi(yg) 

<P2(y) = F 2 (g~ 1 yx) 
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(10.44) 



(10.45) 



for which the expression [ ] in (10.44) becomes 



J J (pi{h)ip 2 (h 1 y)dhdy=\\(pi*ip 2 \\L^{H)- 



H H 



In order to reach the conclusion by applying Lemma 10.35 on H, it will suffice to 
bound * Ps 2 \\l 2 (h) < S^ 1 > f° r some S 2 > Si, log ^ ~ 1°S 37' i n ^ ne mean over 
x,g E G (cf. (10.44)). Thus what is needed is an estimate of the form 

III I F2 ^~ 1 yiy x ) d Vi dydxdg < S{, 



G G 



B H (1,S 2 ) 



hence 




F 2 {giyg 2 )dy dg x dg 2 < S{ 



(10.46) 



G G B H (1,S 2 ) 



Here £?#(!, Si) = {y e H; ||1 — y\\ < Si} and j denotes the average. 



Rewrite (10.46) as 



J J j F 2 {g 2 )F 2 {giyg l 1 g 2 )dydg 



\dg 2 . 



(10.47) 



GG B H (1,2S 2 ) 



Fix y e B H (1,2S 2 ), ||1 - y\\ > S 2 (the contribution of ||1 - y\\ < S 2 in (10.47) is at 
most 0(S 2 )). We obtain 

(10.48) 



(10.49) 



F 2 (g)F 2 (xg)r](dx)dg 
where rj is the image measure $[Ag] under the map 

$ = $ y : G ->■ G : g gyg' 1 . 
Next, taking the image of r\ under x — > x~ x 



|(10.48)| 2 < J J F 2 (xg) V (dx) 
and, similarly, for r G Z + 

|(10.48)| 2r < 



dg< 



F 2 (xg)(r]*r]*)(dx) 



dg, 



F 2 (xg)(rj*rj^ r \dx) 
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dg 



(10.50) 



where rf r ^ = r\ * • • • * r\. 

r— fold 

Returning to <E>, diagonalize y = ( ^_ i6 i j , <5 2 < |6>| < 25 2 . Hence 

$(y) = 1 + i9gvg- 1 + 0(8 2 ) (10.51) 
where u = ei <8> e± — e 2 ® e 2 G su(d) and 

^((/i)- 1 ^^)^)" 1 • • • $(<72r) = 1 + ie(- gi vg^ + g 2 vg^ 1 ■■■ + g 2r vg£) + 0(6> 2 ). 
For r = r(d) large enough, the map 

(91, 92, ■ ■ ■ , gir) >->■ -S'l^r 1 + »2V</2 1 1" QirVg^r 

gives a smooth density on su(d). Hence (77*77*)^ is a smooth density on .8(1, C\9\) C G 
(with derivative estimates in terms of j|j < ^-). 

Recall that F 2 satisfies ||F 2 * || 2 < S^. Taking for 5 2 an appropriate power of Si, 
we get from the preceding 

(10.50) =||(7/*7/*) (r) *P 2 || 2 < 

IK^*^)^*^) *i ? 2|| 2 + o(5i5 2 - 2 ) < 

Ufa * ^) (r) llill^i * F 2 \\ 2 + 0(SiS^ 2 ) < 81 + 0(5i<5 2 - 2 ) < tf. 

This proves (10.46) and Lemma 10.35. □ 

§11. Expansion in SU{d) (2) 
It remains to show that there is no approximate group H satisfying (10.11) - (10.15). 
Since if is a union of 5-balls, (10.14) is equivalent to 

vW(aH)>8° + . (11.1) 

Recall that £ ~ log |. Writing for /c < £ 

(xaH) 

X 

it follows from (11.1) that for some x E G 

u^(xaH)>S 0+ 
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and hence 



^ 2k \H.H)>5°+. 



(11.2) 



In particular, recalling Kesten's bound [K] for random walks on F 2 

r-k , / 1 \ + 

\H.HH W k \ > V2 if 2 k > i^-J . (11.3) 

Denote V C Matdxd(C) the real vector space of anti-Hermitian matrices of zero trace 
(i.e. the Lie-algebra of G = SU(d)) : which is irreducible under the adjoint represen- 
tation of G and hence of its Zariski-dense subgroup V. 

We make the following assumption on v. 

Assumption (*). There is u > such that for a proper subspace LofV and k large 
enough, one has the estimate 

v^[geG;g- 1 Lg = L]<e-" k . (11.4) 



Let a e V\{0} and 2 fc > (±) . Consider the increasing subspaces L s of V defined 

by 

L\= span [a] 
L s+1 = span[g~ 1 L s g;geH.Hf]W k ]. 

Taking s such that L s+ i = L s = L, we have that g~ l Lg = L for g e H.H n Wk and 
(11.2), (11.4) imply that L = V. Since {H.H n W fc ) (s) C H 2s n Tl 7 "^, we proved 

Assume (*). Let a G ^{0} and L a proper subspace of V. Then, for 2 k > (|)° + , 
there is g £ H' n Wjt such that g~ l ag £ L. 

Equivalently, if a, 6 G F\{0}, there is g G H' fl Wfc such that 

Trg-^VO. (11.5) 



Recalling that gi,g2 are algebraic, (11.5) implies the following quantitative state- 
ment as a consequence of the effective Nullstellensatz (see Theorem 5.1 in [BY] and the 
comment on its generalization to polynomials with coefficients in the ring of integers 
in a fixed number field K, [K : Q] < oo). 
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Lemma 11.6. Assume (*). If 2 k > (|)° + and a, b G ^\{0}, t/iere is g £ H' n VFfc 

|7V^ _1 a^6*| > C" fc ||a|| ||b|| (11.7) 
where C is some constant depending on the generators g±,g2 ofT. 

Next, apply Corollary 10 to H.HnW k ,2 k > (±)° + . We obtain 

i£ev;& = 0(l<j<d),||£|| = l (11.8) 
such that for 5 > ^i > 0, log ^ ~ log ^- ~ 

dist^ + t^^e^e,),^') <<yJ + *|M| (11.9) 

whenever 1 + 77 G ||r/|| < <5i and t G [0, 80]. 

Note that ri + i]* = 0(||?7|| 2 ) and Trry = 0(||?7|| 2 ) and hence there is an element a eV 
such that ||?7 — a\\ < <n|M|- Thus from (11.9) 

dist (l + tJ2&j a ij( e i® e j), H ') < $1 +J \\V\\ for t G [0,8 ]. (11.10) 

We may further replace in (11.10) a by any conjugate g~ x ag for (7 G i/'. Take 
ko ~ log ^ and small enough to ensure that 

c -k > 5 i/2 ^ U1 ^ 

where C is the constant from Lemma 11.6. 

Applying Lemma 11.6 with a as above and b = z£ G V (where ^ = gives some 
g e H' n W ko such that 

max I (g-^ijtij \ > I Yig : «'/)*• A; > C _fe ° ll^ll- (11-12) 



1,3 



1,3 



Let C ^ IICII = 1) b e defined by normalization of ((g 1(l 9)ijiij) x<i j <d - 
Clearly, from (11.10) and the preceding 

dist(i + tc,tf')<5o 1+7 IMI for *e[o,<yoC , - fco |H|] (11 5 11) [o,<yJ +? |H|]. (11.13) 

Again from Lemma 11.6, there are elements <7i, . . . , g^ G H' fl Wfe (cii = <i 2 — 1) such 
that 

I detfo- 1 ^; 1 < s < di)| > Cr fco . (11.14) 

Since in (11.13) we may replace ( by conjugates g _1 (g with # G if', it easily follows 
from (11.14) that 

dist (1 + tV, H') < 8l +1 \\7]\\ 

for 

te[0,8 Cr k \\v\\]^ [0,*J + *N|]. (11.15) 
Hence, we proved (redefining 80 and 7). 
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Lemma 11.16. Let 1 + 77 G H', \\rj\\ < 6 1 . Then 

dist (1 + tV, H') < 5j +7 ||r/|| for t G [0,<y o |H|]. (11-17) 



Fix a small constant £ and let k = [e log |]. Thus 5o = S £( \ 8\ = 5 £l with e ~ £i ~ £ 
in Lemma 11.16. 



i.e. 



The final step consists in using Lemma 11.16 to derive a contradiction on (10.16), 

iH'lKd^-. (11.18) 



Fix an element g\ = 1 + 771 G if. if fl W 7 ^ nB(l, <5i), <7i 7^ 1, which by (11.3) is possible 
for k\ < log It follows that 
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# < HrjxH =ti < (11.19) 

From (11.17) 



dist (1 + tV, H') < 5j +7 ti for t G [0, <J *i]. (11.20) 

Pj +i *i,<Mi], « 
Applying again Lemma 11.16 shows that 



1+— 

Hence, for any t 2 £ [<5q 2 ^i?^o^i] 5 f ' contains some element 1 + 77 with ||7/|| ps t 2 



dist (1 + tV, if') < 5j +7 t 2 for * G [0, 5 * 2 ] (11.21) 



1+ — 

and therefore H' contains elements 1 + 77 with 1 1 77 1 1 ps £3 for any £3 G [<5 2 £2, ^ot 2 ] and 
therefore any £3 G [<^ 1+2 £i,5q£i]. 

After r steps, we see that H' contains elements 1 + 77 with ||r/|| ps t for any t G 
[5q ti,5o*i]- Taking r = [|] + 1, it follows that H' contains elements 1 + 77 where 
II77H ps £, for any t G [5, 

Another application of Lemma 11.16 implies that 

dist (1 + tV, H') < S^t for t G [0, 8 2 ] (11.22) 

where 

5 2 = 5 r + 1 t 1 . (11.23) 

We claim that 

GnB(l,8 2 ) C H'. (11.24) 

Then 

I if' I > S2 1 > 5^ , ^ r ( 7 ^ +1 ^ +c ' e:L ^ 1 
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contradicting (11.18) for e small enough. 

Proof of (11.24) Take g E G f) B(l, S 2 ). Then g = 1 + r] and there is a E V such 
that ||a - 7/o 1 1 < ^I- By (11.22), dist (1 + a ,H') < 5q5 2 and we take /ii G H' such 



Since if' is a union of 5-balls, a few iterations give the desired conclusion. 

This completes the proof of the spectral gap, conditional on the assumption (*). 



Assume H cT and L a nontrivial subspace of V = su (d) satisfying 

(12.1) i/( fc )(if) > e~ £k 

(12.2) tf -1 ^ = L for g E H. 

where in (12.1) we assume e a sufficiently small constant (depending on Y and v) and k 
large. Our purpose is to get a contradiction for d = 3. This will illustrate the method 
in the simplest case. The argument in the general case is given in §14. Essential use 
is made of the theory of random matrix products as developed by Furstenberg and 
Guivarch. A treatment of this theory in the setting of general local fields appears in 



Recall that T C SU(k), where k is the algebraic closure of Q. We will consider V 
and L as vector spaces over k, hence V = {g E Matdxd(k), Tr g = 0}. 

(i) Exploiting the theory of random matrix products requires proximal elements. Fol- 
lowing the approach of Tits [Tits] (see also [G]) proximal elements in a suitable setting 
may be produced by passing to an appropriate local field. 

Fix an element go E T with eigenvalues (A_j)i<,-<d such that not all quotients y* 2 - 

are roots of unity. If ^ is not root of unity, there is a local field k C K v such that 
v(Xj/Xj/) 7^ 1. Hence we have 



that 




fi^i l h 2 1 - 1|| = \\gi -h 2 \\ < ||ai|| 2 + ^||ai|| < 5q 7 5 2 . 



(11.26) 



§12. Proof of Assumption (*) for d = 3 



[A]. 



\{v(Xj);l<j<d}\>2. 



For d = 3, either 



u(Ai) > v(X 2 ) > v(X 3 ) 
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(12.3) 



or 

v(X 1 ) = v(X 2 ) > v(X 3 ) (12.4) 
(if u(Ai) > v(X 2 ) = u(A 3 ), replace #0 by s^ 1 ). 
Denote p the adjoint representation on V. 

If (12.3) holds, the representation p\T on V <8> i£y has p So as proximal element 
and since it is totally irreducible (by the Zariski density assumption), random matrix 
product theory implies that (12.1), (12.2) are not compatible for e > small enough. 

Thus we may assume in the sequel that the situation (12.3) may not be realized for 
any g E T. 

2 

(ii) Consider the representation of V on A(V <S> K v ), which we also denote p. 
If ei, €2, e 3 diagonalizes 9o e i = A^e^l < % < 3), the eigenvector 

^ = (e 3 ®ei) A(e 3 ®e 2 ) (12.5) 

A 2 

of p go has dominant eigenvalue by (12.4). 
Denote by 

S= s P an fc [p 5 (0;^er] (12.6) 

2 

the subspace of AV. The restriction of p to S is totally irreducible. Otherwise, there 
would be a proper subspace «Si of S which is invariant under a finite index subgroup 
l?i or r. Hence <Si <g> C would be invariant for p g , g e Ti = Zariski closure of IV Since 
T = SLd(C) and r\ is a finite index subgroup of f , f i = SLd(C). In particular Si is 
T-invariant, hence Si = S. Also 

S®C= span c [p ff (0;^e5L d (C)]. (12.7) 

Since p restricted to 5 <g> has a proximal element, it follows again from random 
matrix product theory and (12.1), that 

S = span [p g (v);g e H] for any rj G S\{0}. (12.8) 

We used here that the probabilistic estimates depend on v but not on the vector r\. 

2 

(iii) The space AV decomposes as 

2 2 2 

AV = AL® A^e^AL 1 ) =6i ©6 2 © 2H (12.9) 
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and by (12.2), each of the components is invariant under p g for g G H. Take an 
element g\ G H such that not all quotients of its eigenvalue are roots of unity (this 
is certainly possible, since log \H D Wk\ ~ k). Arguing as in (i) and since case (12.3) 
was ruled out, we are in the situation (12.4) (in some local field K w ). Consider the 

2 2 

representation on A(V ® K w ) as in (ii). Note that if X is a subspace of Ay invariant 
under p gi , then its eigenvector (e^ <g> e[) A (e^ ® e 2 ) with top exponent will either be 
orthogonal on X or belong to X <8> K w , hence to X. 

Therefore, considering the decomposition (12.9), it follows that (e' 3 (&ei) A(e' 3 ®e 2 ) = 
r\ belongs to one of the spaces ©i, 62 or 20. Also, by (12.7), S contains any element 
of the form (x ® y) A (x ® z) with x,y,z G k 3 and (x, y) = = (x, z). In particular 
77 G S and it follows from (12.8) that S is contained in one of the spaces ©i, & 2 or Q2J. 

There are now three cases to conisder. 

2 

Case I. S C AL. 

2 

Since (x <8> ?/) A (x <E> 2) G AL for all x,y,z G /c 3 , (x, y) = = (x, z), it follows that 
x ®y G L whenever x, y G /c 3 , (x, y) = 0. Therefore L = V, a contradiction. 

2 

Case II. 5 C AL- 1 . The same argument as in case I applies. 

Case III. 5CLAL 1 . 

Note that if a, b G V and a A 6 G L A L- 1 , then L and L- 1 both contain a nontrivial 
linear combination of a and b. 

Assume dimL < dimL -1 , hence dimL < 4. 

Considering the sectors (x <E> y) A (x <E> 2) G L A L , it follows from the preceding 
that for each x G /c 3 , there is some x' 7^ 0, (x, x') = such that 

x®x'eL. (12.10) 

Our next aim is to show that (12.10) forces dimL > 5, hence again a contradiction. 
Consider the real algebraic variety 

n = {(x,y) G C 3 x C 3 |(x,y) = and x <g> y G L ® C} (12.11) 

(an intersection of quadrics). 

By (12.10), we may introduce a real-analytic function ip : O — > C 3 \{0}, O C C 3 
some open set, such that for all x G O 

(12.12) {x,(p(x)) = 0. 

(12.13) x® <^(x) G L®C. 
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We distinguish two further cases. 

(a), ip has 2-dim range (over C). 

If Im</? C [ei,e2], then necessarily, for x = x\e\ + x 2 e 2 +0:363, <p(x) is parallel to 
—x 2 e\ + xie 2 by (12.12), implying 

(x\e\ + x 2 e 2 + x 3 e 3 ) (g) {—x 2 e\ + x\e 2 ) G L <g> C (12.14) 

for all x G O and hence for all x G C 3 . 

Since the functions x\ , x 2 , xix 2 , xix 3 , x 2 x 3 are linearly independent, 

ei ® e 2 , e 2 <8> ei, ei ® ei - e 2 ® e 2 , e 3 <g> e 2 , e 3 <8> ei G L 

and dimL > 5. 

(b) (p has 3-dim range. 

We may clearly find elements xi, x 2 , x 3 , x 4 , x$ G O such that for each triplet {i, j, k} C 
{1, 2, 3, 4, 5} of distinct integers, each of the systems {xi, Xj,Xk} and {cp(xi), (p( x j)i <fi( x k)} 
consist of linearly independent vectors. 

WE claim that {xi <g> <p(xi);i = 1, . . . ,5} are linearly independent, which can be 
seen as follows. Fix an index i = 1. From our assumptions, there is T G £(C 3 , C 3 ) 
such that Tx 2 = Tx 3 = and (Txi,<p(xi)) 7^ 0, (Txi,(p(x/t)) = = (Txi,(p(x5)). 
Hence 

{Tx 2 ,<p(x 2 )) = 0={Tx 3 ,<p(x 3 )) 

and writing 

£4 = a^x\ + b^x-2 + C4X3, 
x 5 = a 5 xi + b 5 x 2 + C5X3, 

we get 

(Tx 4 , ¥>0e 4 )) = ^(Tx!, <p(x4)) = = (Tx 5 , ^(x 5 )). 

This completes the proof of the main theorem for SU(3). 

§13. Lemmas on linear independence 

Lemma 13.1. Let 1 < k < d and (pi, . . . ,ipk be continuous complex, linearly inde- 
pendent functions on C d . Then 

( k — 1 \ 

dim[x i(pj(x); 1 < i < d and 1 < j < k] > k\d — J. (13.2) 
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where Xi(pj(x) are viewed as functions on C d . 
Proof. 

The proof is by induction on d. 

Denote ei, . . . , ea the unit vector basis of C d . 

Take k± < k. Since (pi, . . . ,<fik! are linearly independent functions, there are 
£1,... ,£ fcl eC d s.t. 

det[^-(^-/)]i< J - i j/<fc 1 ^0. (13.3) 

By a linear transformation, we may assume that £1, . . . , ^ G [ei, . . . , e/ Cl ] and hence 
Vj'l[ei,...,efe 1 ](l — J ' — ^1) are linearly independent. 

We distinguish 2 cases. 
Case 1: k = d 

Taking k\ = d — 1, we can assume that <fij\[ ei ,... ,e d _i](l < J < ^ — 1) are linearly 
independent. Denote a;' = x^ei + • • • + x^^ed-i. 

From the induction hypothesis, there is a subset O C {(z, j); 1 < i, j < d — 1} such 
that |0| > and (x^j j) 6 f2 are nnearr y independent functions in x' . We 

claim that 

(x iVj {x)) ( . . )£n U (xdcpjix))^.^ 

are linearly independent, which will imply that dim[x i(fj(x)] > d< ^ d ~ 1 ^ _|_ ^. 
Suppose the claim fails. Then there is a nontrivial linear combination 

d 

^2 aijXi<Pj{x) + ^ adj x d <Pj(x) = 0. 
(i,j')en i=i 

Setting = 0, we get 

aijx' i ipj{x') = hence = for (z, j) e O. 

(i,j)en 

Therefore XdX^jLi a dj l Pj(x) = and $^=i a dj l fj(x) = 0, since the </?j are continuous. 
Hence, also a^- = (contradiction). 

Case 2: k < d 

Take k\ = k and argue as above to obtain 

dim[xi</?j (a;)] > k (^d — 1 — j + A; = k (d — j . 
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This proves the Lemma. □ 

Remark. The assumption that the (pj are continuous in Lemma 13.1 can not be 
dropped. Take, for instance, a basis e\, . . . , e d and define 

| (fjiej) = 1 

\ <Pj(x) = if x 7^ ej. 

Since Xi<pj = Sij<pj, dim^^-; 1 < i, j < d] = d. □ 

Lemma 13.4. Let 1 < k < d — 1 and (p : O — >■ G d ^,0 C C d some open set, a 
continuous map, satisfying <p(x) C [x]- 1 . T/ien 

dim[x ® fix); x <E O] > (k + l)d — 1. (13.5) 

Proof. One may clearly choose a subspace E of C d such that dimE = d — k + 1 and 

(13.6) dim[v?(;r) n E] = 1. 

(13.7) Pioi E ±<p(x) = E ± . 
for igO. Hence 

dim[x <g> > dim[x <g> (<^(:r) n -E 1 )] + dim[x <g> P B xp(a;)] = (13.8) + d(k - 1). 

Introduce a continuous function i/> : O — > C d \{0} such that ip(x) £ (p(x) fl E, hence 
{xjifj(x)) = 0. Since clearly dim[^i, . . . , vfj d ] > 2, application of Lemma 13.1 with 
k = 2 gives 

(13.8) > dim[x <g> ^(x)] > 2fc - 1 

This proves Lemma 13.3. 

§14. Assumption (*) (General Case) 

Following preceding analysis for d = 3, we may introduce the set 

V = {(<i+, d-) E {1, • • • ,d— l} 2 ; there is g G T and a local field K v such that the 
exponents of g may be ordered as 

v(Xi) = ■■■ = v(X d+ ) > v(X d++1 ) >■■■> v(X d - d _ +1 ) = ■■■ = v(X d } (14.1) 

where d +7 d- < d, as we assume v(Xi)(l < i < d) not all equal and d + + d- < d. 
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Fixing a configuration G V, we obtain a proximal representation by con- 

sidering the extension of the adjoint representation to the exterior power 

A(V®K V ) (14.2) 
where D = d+.d-. The proximal vector is given by 

f= A (ei® ej ) (14.3) 

l<i<d + 
d-d- <j<d 

in a suitable OB {ei, . . . , e^}; the eigenvalue is (j^) D - 
Denote 

S = span k [ Pg (0;geT] (14.4) 

the subspace of Ay. Again from Zariski density of V in SL<i(C), 

S®C= span c [p 9 (0;^eGL d (C)] (14.5) 

and T acts strongly irreducibly on S. 

From random matrix product theory, also 

S= span [p g (r]); g E H] for any rj G iS\{0} (14.6) 

provided H satisfies 

^ k \H)>e- £k (14.7) 
with k large enough and e small enough. 

(2). Assume given a nontrivial subspace L of V satisfying 

p g (L) = L for geH. (14.8) 

The space AV decomposes as the direct sum 

ALA AL 1 (14.9) 

where D + Di = D. Note also that since L was obtained as complexification of a 
subspace of su(d), we have that L = L*. 
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Taking some element g G H which has the property that is eigenvalue quotients are 
not all roots of unity and considering an appropriate valuation, we obtain some type 

D 

(d + ,d-) G S with expanding vector r\ G AV of the type (14.3). Note that we may 
always assume that d+ > gL since g may be replaced by g~ x . 

Since the components of the decomposition (14.9) are g-invariant, we conclude that 

D Di 

rj G AL A AI 1 (14.10) 
for some D , D u D = D + D x . By (14.6) 

S C ALA AL . (14.11) 
We also note that from (14.5), S <S> C contains any element of the form 

A i^< d+ ( x *®yj) ( 14 - 12 ') 
i<j<d- 

where {x±, . . . , Xd + , yi, ■ ■ ■ , yd_ } are orthogonal vectors in C d (for the Hermitian inner 
product). 

By (14.11), it follows that L (respectively L^) will contain D (respectively D\) 
linearly independent elements from 

span [xi <S> Vj,l < i < d+, 1 < j < d-]. (14.13) 

Note that if D\ = 0, then obviously L contains (14.13) and hence any element x <g> y 
with (x, y) = 0. Thus L = V = {x G Mat dxd (C); Tr x = 0} would be trivial. 

Hence we assume D > 1, Di > 1. 

It follows from (14.13) that, given orthogonal subspaces E + ,E_ of C d , dim.E_|_ = 
d+, dimE- = d-, 

dim (L n (F+ <g> F_)) + dim (L x n (F + <g> E_)) = dim(£ + <g> E_). (14.14) 

Hence 

dimProj L (F + <g> F_) + dimProj L ^ (F + <g> E_) = dim(E + <g> £?_). (14.15) 

Denoting F = Proj L (F + ® F_), Ft = Proj L ^(F+ <g> clearly £ + ®£_cF + Ft 
and (14.15) implies E + <g> = F + Fi . Therefore 

Proj L (F + <g> £_) C E+ <g> £_,Proj L x(F + <g> £_) C E + ®E_. (14.16) 
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Next, let x,y £ C d \{0}, (x,y) = 0. From (14.16) 

Proj L (x®y) G f) (E+®E-) = S x , y C V. (14.17) 
xeE + 

Assume d + > 2, d_ > 2. 

We claim that S x , y = [x<g>y\. For if T G S^y, we have 

ImTcp|£_ (14.18,) 

where i?_ ranges over all d- -dimensional subspaces of [x] 1 - such that y £ E-. Since 
d+ > 2, < d - 1 and (14.18) = [y). 

Similarly, since T* £ f] (E- ® E+), it follows that 

(KerT)^ = ImT* C [x]. 
Hence T G [x <8> y] , proving the claim. 
Thus 

Proji(x <8> y) G [x <8> y] and Proj L j_ (x <8> y) G [x <E> y] 

implying that 

x®y£L if Proj L (x <g> y) ^ (14.19) 

and similarly for L 1 - . 

Fixing orthogonal vectors e, e' G C d \{0}, either Projx,(e<S>e') 7^ or Proj^ (e<8>e') 7^ 
0. If Proji(e ® e') 7^ 0, clearly Proj,c(x Cg> y) 7^ for x £U,y £ U' , (x, y) = 0, with t/ 
(resp. t/ 7 ) some neighborhood of e (resp e'). From (14.19) 

(tf <g> tf') D V C L (14.20) 

which is easily seen to imply that V = L (contradiction). 

It remains to consider the case d+ = 1 (and similarly d- = 1). 

Taking £4. = [x] , x G C d \{0}, it follows from (14.14) that given any subspace E- 
of [x] _L ,dimE'_ = d-, there is a decomposition £L = Wq + W\ such that x <g> W^o C 
L, x ® Wi C L- 1 . Therefore clearly, for given x G C d \{0} 

dim (L n (x <g) [x]^)) + dim (L^ n (x <g> [x]^)) = d - 1. (14.21) 

Specifying fco = dim (L fl (x ® [x] -1 )) , fci = dim (L 1 - fl (x <S> [x] -1 )) for x restricted to 
some open subset O C C d , Lemma 13.4 in §13 implies 

dimL > (ko + l)d - 1 and dimL 1 - > (&i + l)d - 1 

and hence, by (14.21) 

d 2 - 1 > (d+ l)d- 2 

obtaining a contradiction and completing the proof of the main theorem. 
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